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Abstract. Spinors correspond to a representation with spin 1/2 of the Lorentz group £ and
to a trivial, invariant, representation of the translations of the full Poincaré group P, whereas
twistors also correspond to a representation with spin 1/2 of the Lorentz group but to a faithful
representation of the translations group and therefore they are indeed the simplest geometrical
objects which can be used in the construction of a physical theory in spacetime. We generalize
twistors to the concepts of screws; we then present a one particle theory for the electron based on
this wider concept.
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1. TWISTORS AS GEOMETRIC OBJECTS IN SPACETIME

We follow here our presentation in [Keller, 1995; 1997] where we consider complex
spacetime which does nothing more than increasing the vector space by one basis
vector: Cly 3 — Cly30C ~ Clys ~ Clay g ~ Cly; and then R'3 is an hypersurface
in the de Sitter space by fixing only one space parameter dimension.

A basic idea is that instead of complex spacetime we should start from a more
fundamental, complex, formalism such that points and the spacetime continuum
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will be derived concepts. The basic objects were called twistors. Once they are de-
fined, we have shown that Twistors correspond to well defined geometrical objects in
spacetime. They can be completely described as members of the multivector algebra
of spacetime and then in terms of the standard Clifford algebra C¢; 3 corresponding
to the space R':3.

The inverse logical derivation is that they can be used to generate the idea
of spacetime [Penrose, 1965; 1967; 1968; 1971; 1972; 1974; 1980; Robinson and
Trautman, 1962; 1967; 1972; 1976; 1986; Penrose and Ward, 1980; Robinson, 1961;
Hugget, 1982]. The fundamental mathematical objects should be conformally in-
variant (on this respect [Liu and Keller, 1996]).This space is the projective twistor
space constructed out of null geodesics and their (“half”) complexification (see be-
low) to obtain the three dimensional complex projective space CP3. A point in this
space is defined by the pair (W4, II4/) which is required to obey (here A and A’
are Pauli spinor indexes, ZAY and X4 are (complex and real) four dimensional
vectors in the Pauli algebra, that is X = X*o), = XAA/§A§L,; where {07} are the

Pauli matrices with (¢)? = —1, 0p = 1 and the 5,4(52) are Pauli basis spinors
(transpose spinors))
WA —_ iZAA/HA/
and  ZAN = 74N 4 AT

with the complex vector Zg84" and the Pauli spinor IT4" fixed and A* variable;
II4/ is conjugated spinor to 4. If we consider now a real spacetime point (in
spinor notation) X44" then the projective twistor (iX44 I, , I14/) defines a real
null geodesic through X AA" in the direction ITAII4" as described below. But the
motivation of the twistor theory is to derive the concept of spacetime point. Twistor
theory was afterwards used to describe zero rest mass fields [Ward and Wells, 1990)
and subsequently to construct spacetime from some (deformed) twistor space.

Let us first show the geometric nature of the twistors, they are members of the
(complex) Clifford algebra of spacetime.

Consider a Dirac spinor v. We know that it is a member of the minimum left
ideal of the geometric algebra C/¢; 3 of spacetime R generated by the Clifford
algebra of the set of four vectors v,

L Yo VYo = Guv + Yurs Guv = diag(l, -1,-1, *1) = Gupu,
Vv = = Vo Yp Vv = GouVv =~ GpvYu + Ypuv

(1)

and

Y\Vurp = G Yvp = GravVup + GrpYur 75 O Y5 = Y0123,
all  {u, v, A\, p} =0,1,2,3.

This defines, out of the antisymmetric product of the set of four basis vectors v,
the basic multivectors «,, ..., totally antisymmetric in the interchange of the vector
indexes pu, v, ..., here represented by several vector (greek) indexes quantities. The
number of indexes define the grade, or blade, of basis multivectors. Multivectors
have a representation in terms of the Dirac spinors v,,... — (’Yﬂu__.)aalwadle The
Dirac spinors themselves have four (complex) degrees of freedom ¥ — W%, where
the v, are basis spinors and a = 1,2,3,4. Below we show that we can use the
correspondence: (a = 1) — (R,1), (a =2) — (R,]), (a =3) — (L,1) and (a =
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4) — (L, ), that is right (R) and left (L) handed spinors of spin up (1) and down
(1), or chiral representation.

All elements M, € M = {v,, Vv, Vauw,V5; 1,41} of the (complex) Clifford al-
gebra, called (complex) multivectors, such that Mf, = M,M, = 1 can be used to
construct projectors P, = 1(14+ M,),P_, = (1 — M,) with P,/P_, = 0 and
P, + IP_,, = 1. The combination of four commuting projectors {IP,, IP_, IP;, IP_,}
suffices to classify the Dirac spinors

Y = thpg + Up(—q) + Y(=p)g T V(=p)(~0) (2)
where wab = Paﬂjb¢ = Pab¢a given that
Ppg + IPy(—q) + IP(—p)g + P(—p)(—q) = 1 (3)

There are two M, (complex, or in fact imaginary) commuting unit multivectors
ivs and iy19 (that is (iv5)? = (i712)> = 1 and v5712 = 71275) which are very
convenient for analysis of spinors; they generate the index correspondence mentioned
above for handedness and for spin [Keller, 1984; 1991].

Now the construction generated by the projectors IPg = (1 + iy;) and Ty =
1 + vsx, with the position vector x = x"v,, u = 0,1,2,3 applied to a spinor v, is
called a reference twistor 7y [Keller, 1995; 1997]associated to x and v

Nx = TxlPry) or 1y =(1+x)PryY = (1+795x)II, here II=Pgry. (4)

IT is a right handed Dirac spinor which can be represented by the couple of a
Pauli ¢ (usually called Weyl) spinor and zero IT — ().

The transpose twistor, starting from 1) = 1+, and considering IPr = P (where
M* = (Y aya)® =3, (a?)*v4 the * indicating complex conjugation) is

iz = YIPL(1 + v5%) = (1 + 75X) product for x real (5)

is such that the scalar product

ixNx = I + 2ysxIT + 2T = 2ITysxII,  because (6a)
_ -1 N .
HIT = %115(1 - Ws)i(l +iv5)1 = 0. (6b)

That is, it represents the expectation value of the (dual of the) position y5x with
respect to spinor II. The outer product

NIl = (1 + %)M = (1 +~5%)q (7)

here ¢ = IIII is the right-handed part of a null vector Q = % (a single outer
product of Dirac spinors or of Weyl spinors can only correspond to fixed handedness
null vectors), that is the presence of

q = PrypIPr, (8)
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gave origin to the Penrose [Penrose, 1965; 1967; 1968; 1971; 1972; 1974; 1980;
Robinson and Trautman, 1962; 1967; 1972; 1976; 1986; Penrose and Ward, 1980;
Robinson, 1961; Hugget, 1982] interpretation of a twistor as a composite of a null
vector ¢ and a “flag” v5xq, as far as a bivector represents an oriented surface. The
multivector corresponding to the twistor is

1, = <l = g +75%Xq = q +ixq. (9)

it contains the projection @ — ¢ = PrQIPr. In (9) we have y5x = —x7v5 and
—v5q = iq because ¢ is a right-handed projection.

A supermatrix representation of the above relations, although superfluous, is very
helpful to visualize the different structures. The vectors

0 1 0 o\ .
w—>{%=<1 0>7 %:(_Ui %);121,2,3} (10)

here the o; are the positive square Pauli matrices (oi)2 = 1, 010003 = il and
0;0; = 10%; 1, J,k =1,2,3 cyclic.
(1 0 1 0 .. .
The hypervolume v5; = 4 0 —1) = w020 { 4 the adjoint spinor
I = (IT*,0) = (113, 1130, 0), then the twistor
Nx = (Zjl?> remark IT = IPgrn,, (11)
where x = 5?0 g , and Z°¢ is the left-handed quaternion conjugate of Z. The use

of the multivector n, or of the twistor spinor 7y can be done indistinctly. ¥ can also
be replaced by a multivector as discussed in the paper on the electron theory in the
first chapter of this issue.

We then see that the admitted geometrical interpretation considers, as a result,
not the vector x but its three dimensional projection ¥ and moreover the factor
i = 010903 is the three dimensional volume element.

In the context of Clifford algebras, [Crumeyrolle, 1990]twistors have been dis-
cussed in length by [Ablamowicz et al., 1982].

2. AN ANALYSIS OF THE USE OF SPACETIME CLIFFORD ALGEBRA FOR A REPRE-
SENTATION OF THE POINCARE GROUP

2.1. Representation of the Poincaré Group as a Chiral Group in Space-
time Algebra

The equations describing physical relations in spacetime (or in ordinary three di-
mensional space) should be covariant under both Lorentz transformations IL and
changes of origin d of the coordinate system. This set of operations, called the
Poincaré group, of which rotations and changes of origin in ordinary three dimen-
sional space are subgroups, is characterized by the pair {IL, d}.
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The group product is {ILo,d2}{IL1,d1} = {IL3,d3}. In the geometric algebra
of spacetime R (the Clifford algebra denoted R; 3 or C/¢;3) a position vector
Xo = X" is transformed (d is a vector and IL,, the exponential of a bivector)

Xo — X1 = ILixolL1 + dy — x2 = Lox1ILy + do (12)
or xo = ZLQILlXoﬁ;leQ + JLlejLQ + do (13)
X2 = L3xolLs + ds (14)

defining (the tilde operation reverses the product of two multivectors)
ILs = oIl and d3 = ngdleQ + ds. (15)

The “multiplication” of the Poincaré group is well defined but cumbersome.
There are several representations, some of which are reasonable to handle. For
example the use of the matrix form (here the IL; are square matrices and the y; and
d; column matrices, the 0 are row matrices)

(18[1 d11> <X10> _ <E1X01+d1) and
ILy dy X1 _ Lox1 +do
0t 1 1 1
ILs d Lo, d i d
B HE-FE D) =

ILs d3\ _ (L2, ILydy +dy (18)
0 1 0 1
clearly shows that the “product” of group elements are elements of the group. Group
multiplication is matrix multiplication here.

In geometric algebra there is a representation of the elements of the group which
allows geometric multiplication as the group (non abelian) multiplication.

{ILy,dy} {IL1,d1} = {IL3,ds}

For this, geometric algebra representation, we use the product of the elements
(14e&d) and IL which, separately have as group multiplication, the geometric product

(16)

Ly = ILoILy and (14 eds) = (1 +ede)(1 + edy), (19)
where d3 = dy + d; and edsed; = 0 requiring that either {e? = 0, ed = de} or
{eye_ =0, e;d = de_}. In the first case ¢2 = 0 is a nilpotent operation commuting

with the vectors d. In the second case £ (¢_) is a projector operator
ere_=ec_ey =0, e +e_ =1, (20)

which can be written in terms of a unit multivector e, e> = 1 which, ed = —de,
anticommutes with the vectors d. The e = $(1+¢) and e_ = 1(1 —¢). In general
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a suitable {g;e2 = 0, ed = de} or {e;e? = 1, ed = —de} can only be found in an
algebra of a dimension higher than the Clifford algebra R, , corresponding to the
space RP9. The formal definition of € or e is enough for the purpose of studying the
Poincaré group but the possibility of physical usefulness or insight would be lost.

In the Dirac algebra D corresponding to R; 3 one usually admits its complexifi-
cation, corresponding to the use of Ry ~ Ro3 ~ R4 1, that is D = {R13® iRy 3 ~
Ry 5}. The commonly used operators ivs = ivpy172y3 and iy12 = iy1y2 are good
examples of this complexification of the algebra. It is i75 which has the property
757, = —ui7s and (iv5)? = 1 required for the use in (20) and (21). Then the
group of translations I" has two isomorphic representations I' : d — d’, which are
(14 IPgd) and (1 + IPr,d) where

Pr = %(1 +iv5) and [P, = %(1 —i75)
PR+PL:1, ]PRPL:]PLPR:O and (21)
PrIPg = IPg, PP, = IP;, IPrd = dIP;.

Here the IPr and Py, are the operators for right handedness and left handedness
projection respectively: ¢ = IPry + IPpy = Ry + Ly.
The Lorentz transformations IL = exp(6"”v,,,/2) by angles 6*” in the planes 7,
act
L:x—x =ILIL, LL=ILL=1, (22)
do form a multiplication group ILs = ILoIL; , L5 = IL, 1L, (23)
which can be used to construct, together with the (1 + ed) a set of two repre-
sentations of the Poincaré group.
The representations of the Poincaré group are
PP = (1 + PLd)IL; ; P = (14 Prdy)IL; (24)

K2

and (A = L, R and, reminder, IL;IP;, = IP,IL; and IPrd,, = d,,IPR)
P = PPN = (1+ Prdy)L(1 + Prd;) L,

P = (14 Po(d; + Lydi L)) IL; ILs, (25)
JPIEA) = (1 + JPLdk)Lk,
also (14 Ppdy)(l —Prdy) =1.

The invertible operators (1+IPad) become then an important part of the study of
the invariances and the symmetries related to relativistic quantum theory of particle
and interaction fields. Their use to construct a new representation of the Poincaré
Lie algebra is thus both straightforward and clarifies the reason for some features
of the theory of elementary particles. The relations (25) could have been the best
starting point for the instruction of a theory of twistors. We should remember that
any spinor can be written ¢ = Ly and that ILIP;, = IPrIL.

When we work in the realm of the Clifford algebras the complexification of a
space corresponds to the increase of only one dimension in the space of basis vectors.
Basis vectors should all anticommute among themselves. Other procedures, besides
complexification, like duplexification or doubling [Keller, 1994alplay a similar, and
equivalent role. This should be very clear when discussing twistor spaces.
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3. THE DEVELOPMENT OF SOME CONCEPTS OF THE SPACETIME TWISTOR PRO-
GRAM IN TERMS OF GEOMETRIC SPACETIME ALGEBRA

Physical events are related to other physical events by light rays (or at least by
assumed trajectories corresponding to null vectors), an important condition then is
the intersection of light rays and of the light ray emanating (supported) by another
light ray. We have seen at the beginning that twistors correspond to a special
combination of a vector X and a null vector q. We can consider several possibilities:
a) X and g null vectors, b) X general vector and q null vector or ¢) X and q general
vectors. In all cases we can consider the complexification of the vectors. We start
by considering the conformally invariant product of two twistors.

3.1. Twistors (Double Fibration)

An important concept, basic for the understanding of twistor techniques, is the
definition of double fibration. Let us, with [Ward and Wells, 1990], consider IP a
projective twistor space, M a compactified complexified Minkowski space and IF' the
correspondence space between IP and M, the double fibration diagram, using the
projection mappings: u(p,m) = p and v(p,m) =m

F

./ NV
P M

where p € IP and m € M describe the transformation of information from IP to
M, the real Minkowski space is realized as a subset of the complexified Minkowski
space M. The correspondence p = e v~1(m) defines a geometric transformation
from the complex vector m to the twistor p or vice versa

m=veu '(p)

be conformally invariant [Liu and Keller, 1996].This space is the projective twistor
space constructed out of null geodesics and their (“half”) complexification (see be-
low) to obtain the three dimensional complex projective space CP3. A point in this
space is defined by the pair (wA7 IT4/) which is required to obey

wA = ’L'ZAA/HA/ and ZAA/ = ZéqA/ + /\AHA/ (26)

with Zg*4" and TT* fixed and A* variable.

If we consider now a real spacetime point (in spinor notation) X AA" then the
projective twistor (iXAA/HA/, IT,4/) defines a real null geodesic through X4 in the
direction ITATI4" as described below. But the motivation of the twistor theory is
to derive the concept of a spacetime point. Twistor theory was afterwards used to
describe zero rest mass fields [Ward and Wells, 1990] and subsequently to construct
spacetime from some (deformed) twistor space.

The idea is to pull back cohomology groups from IP to IF' and then to push it
down to M to solutions of field equations. This procedure allows the determination
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of new solutions of the field equations, classified by the group of the cohomologies
of IP.

Let us now obtain the scalar products corresponding to what Penrose calls the
twistor invariant, the product of two twistors when the transpose is taken considering
that we can define 'yg = —~; (as is obvious from the representation (10) of ~s in
terms of gamma matrices). Then, instead of (5) we define the adjoint 7 as follows

i) = PIPr(1 +~1%) = TI(1 — 75%) (27)

and consider the product of two twistors
a) Corresponding to the same spinor ¢ and to the same vector real x

Jf)’f = NxNx = fI'y5(x —x)II=0. (28)

This is obviously invariant to multiplication of 7« by a complex factor, then from
the eight degrees of freedom (four complex numbers) only six are geometrically
significant and (28) reduces them to five real parameters. These parameters can
be chosen to correspond too to the direction of the null ray (light trajectory)
and to its intersection with a base hyperplane ¢ = 0.
b) Corresponding to the same spinor ¢, but to two different vectors x and x’
JU8 = Tys(x' — %) (29)
which will be zero if it corresponds to a point where two (real x = x’) light rays
intersect. This is what could correspond to a definition of a point from twistors. For
variable x’ and fixed x we define a congruence usually called Robinson congruence.
Let us now consider the multivector twistors n, and their generalization. Re-
minder

7% =yl = q + y5%q (30)

where q is a null vector considered (by definition not included in (5)) supported at
the position x. See analysis at the end. The obvious generalization is, both q and
X, to be allowed to become arbitrary (complex) vectors.

4. SCREWS AND MULTIVECTOR SCREWS

Let us analyze the possibilities open. The need for q to be a null vector stemmed
from its introduction as a single outer product of a spinor IT and its conjugate IT.
On the other hand x could have been null or general.

where P4 = {IP,IPr} is either one of the idempotent left or right handedness
projectors, in particular we could have defined q = IP.Y~y for Y such that q a null
vector. But in (31) we want to allow Y to be a general (complex vector)

Y =Y",§ ab=1,234 (32)

where ¢, (and &,) are a general basis set for Dirac spinors (and adjoint Dirac spinors).
Y% €@. If = IPLYv, = Il then Y = IP;Y, (remember that up and down are
only relative, otherwise free, directions).
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The presence of 7, in the definition of q from Y is necessary to connect with (5)
and (30) because q corresponds to a spacetime “cut” of a vector q, (a spacetime
“cut” is the multiplication of a multivector by a time vector 7g)

d=9qvy = ¢"yuv = ¢"E,. (33)

Where the spacetime quaternions X, = 7,7 = 7.0 can be represented by block
diagonal matrices, the same as q, with o, in the main diagonal, while the +,, and
the particular time vector 7 were represented in (10) by block diagonal matrices with
o, in the second diagonal. 3, = v,7% — UO” ?7 ; = 1,23 while ¥y = 1.
Rz
In (31) we find all elements of the Dirac (complex spacetime) algebra. The Y are
odd (so is IPLY) and the XY are even (the same as 75X IP.Y), the presence of 5
makes all elements, upon which it acts, become their dual: scalars to pseudoscalars,

vectors to trivectors and space-space bivectors to space-time bivectors. Ny is then

a full (complex) multivector.

Here is where the discussion of part C, about the full Poincaré group is now
directly relevant. The factors (1 + 75X IP4) are representations of the translations
group

(14 v5XPa) (1 + X' Pa) = (1 +75(X + X') Pya). (34)

Reminder: 75X P4ysX Py = 75X75X'IPgIP4 = 0, where B # A. These factors
also commute with the rotations

R(1+ 75XIPa)IPAYR™' = (1 +vsRXR ' IP4)IPARYR ™
(35)
= (1475 X"IPA) PAY",

where X" = R(X) and Y” = R(Y) are the rotated vectors.

That is: the vector X is a position (frame fixed) vector whereas Y is a frame
free (sometimes called just “free”) vector. Y, or in the original twistor II, is to be
acted on by rotations but not by translations. Then it should represent a physical
phenomena and Y is not a position vector. In geometry Y is a vector that should
be associated with magnitude or direction, not with position.

If a twistor or our new objects, in fact a special combination of a vector and its
product with a position vector, should become a field over x, it is the chiral part
IP,Y = Y, that should become Y4(x). Even in the case where both Y, x € @*.
That is the free vector (representing a vectorial magnitude field) is the part that
carries the position dependence and x is the part that anchors the field.

In the use of the (multivector) twistors an integration over x averages the field
and an integration over Y averages over the (auxiliary) field.

We can moreover take the imaginary phase out of the definition of the multivector
pair, represented by v in (4) and (31), and keep the pair we will call screw Sy y

S = (1+ XIPa)Y (36)

The screws are also faithful, nontrivial, representations of the Poincaré group.
The factor (1+ X1P,) is invertible (the factor (14 v5X1P4) was also invertible) and
the factor Y can also be invertible. Consider
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(1+XPa)(1 - XIPy) =1 (37)
because XIPyX Py = X2IPglPy =0, B is B # A, also

YY '=Y(Y/Y?) =1 if Y2 #£0. (38)

A uniform screw would be SY3) where Y = Y (x) = R(X)YyR~(X) with IR(X)
a rotation generator linear in X. In Clifford algebra rotations are generated by the
bivectors 7;;(i,j = 1,2,3), their general form is IR(X) = exp(30¥(X)v;;). The
uniform rotation would be a linear dependence on some X; = aXg, such that
0l = aoy! + of. Then the screw will correspond to rotations in the plane ~;;
proportional to the displacement of the vector X according to the scalar product
(XX)scalar- We could also consider the screw to describe a helical path. The new
objects are suitable candidates for robotics, vision analysis or models of angular
momentum carrying objects. Here we will consider an electron field to be represented
by combinations of screws. In (32) we can of course consider that Y is a multivector,
all multivectors having the same decomposition, as mentioned below (1), given by
(32). The considerations of this paragraph applying equally to all multivectors given
that rotations are multivector grade concerning functions. A multivector spinor will
be used to represent an electron in the next section.

A final, geometrical, consideration. If X is a position vector and q a null vector,
only the line where q is embedded can be known because we do not really know X
but only the product Xq and this product is unchanged is we replace X — X + aq,
the scalar part is increased in a(q)? = 0 and the bivector part in ag A ¢ = 0. Only
if X itself is null then X A q/X - q = tan§ and we can know the point of “support”
of the null vector q by the null vector X.

This is the geometrical model of the original twistors, null rays supported by null
rays.

In the generalization, if we consider non-null vectors supported by non-null vec-
tors, the product has a scalar part X*Y), which changes if we change X — X +aY
because no longer a(Y)? will be zero, then the product XY and the knowledge of
Y determines X completely. We can, from the analysis of the generalized twistor
find the support position vector X and the supported free vector Y. The twistor 7
(see (4)) has a dual n”. We have seen that 1 has 4 complex components, they may
be labeled 74, a = 1,2,3,4, n° also has 4 operator components 7%, o = 1,2,3,4
and, being a function and a conjugated operator pair, they obey the commutation
relations

0™, ms] = &5 (39)
useful to construct field theories.

Dual twistors correspond to the operator pair (—Z 7T GuAT 0 AT )

5. MULTIVECTOR SCREW FOR THE ELECTRON AND ITS SPACETIME POSITION X
VECTOR

Let us now present the form in which a multivector screw can contain all the in-
formation we know to be necessary to describe an electron at the single particle
level.
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First let us remind the physical content and the geometrical content of the (mul-
tivector) wave function 1. A free electron wave function 1y can be written (see
Keller 1997, pag. 3 of this issue) in the well known form (see Casanova 1976 for a
discussion)

’(/J() = \/ﬁ 6675 Ro (40)

where p is the statistical weight (|/p is the amplitude) of the wave function at a
point X, then the probabilistic nature of the wave function is contained in p. The
factor 7 with 3 the Takabayashi angle is the way to determine if we are describing
a particle or its antiparticle and the rotor Ry describes a rotation in the spin plane
~12 corresponding to intrinsic angular momentum of the particle’s field at point X

Ry = enzpoX/h (41)

Then this factor, the rotor Ry, contains the first quantization properties of the
electron and, simultaneously, its spin in the arbitrary e; —es plane described by ~15.
An arbitrary wave function would be 1y = Ry with R a Lorentz transformation
which can be taken to be R(X) to describe the gauge interactions of the electron.
We have described elsewhere how R can also describe the full electroweak interaction
and not only the electromagnetic and gravitational parts [Keller, 1991 and page 3
in this issue].

Now the position vector of the electron X and the normalized spin vector Y of
the electron can be incorporated in the full complex multivector screw M

M=(1+i(X+iX;)p = (1+iZ)p. (42)

We propose to call this complex multivector MEXOR, or the Multivector to rep-
resent the Electron and its position X spacetime vecTOR. (We have also chosen this
name for obvious cultural reasons!) and it is the geometric object which completely
represents a massive, interacting, spinning electron as will be analyzed in the next
section.

But first let us correct with the already known concepts of Dirac spinor and of
twistors.

The Dirac spinor basis ¢;, i = 1,2,3,4 and the transpose (') obey

(e =6, (43)

they can generate the multivectors as

M = M]p;(e')’ (44)
in particular ¢ = 15 (p")* with & = {a,b} in eq. (2) above and we can represent
Y = i where ¢ and 7 are Weyl spinors and conjugated spinors respectively.

And conversely any multivector can be projected into a Dirac spinor ¢y
M — M, = Mo = M o;(¢7)ion

= M] p;6}, = M},
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(see Keller and Rodriguez [1992]).

Then the multivector 1 contains in fact four components 1, which actually cor-
respond, if we take the chiral basis representation, to the right handed spin up or
down and to the left handed spin up or down components. In a 4 x 4 matrix repre-
sentation of ¢ each column 1 corresponds to each one of this four possibilities as a
reference. And, from the use of the chirality projectors (4)

P, +Pr=1, IPPrlPL, =P IPr=0, IP3=1IP; and P} = 1P, (46)

we can write the MEXOR M in (45) as the multivector twistor pair

M=Q1+iZ2)Y = (P, + IPr +iZ(IP, + IPg)) (IP, + IPr)Y = M, + Mg (47)

and then for each basis spinor ¢; k = 1,2,3,4 to project ¥» — 1, = Yy as the
four sets

M, = (1 + ’L'ZPL)IPL’(ﬂk + (1 + iZPR)PR¢k or M= (Mk)L + (Mk)R
(48)
with M = My (p")*;

and each M} can describe an electron as a sum of two twistors in reference to each
of the four Dirac spinors 1, for the electron being given.

6. A COMPREHENSIVE ONE PARTICLE THEORY FOR THE ELECTRON BASED ON
MEXORS

Once the MEXOR corresponding to an electron has been defined we can use the
analysis of twistors in section 3 above to show that the formulation in terms of
mexors contains some key new features for the determination of the theory of the
electron.

We will show that the Dirac equation with mass m # 0 for ¢ is a consequence of
having introduced the MEXOR. This is related to the fact that (45) is not Poincaré
covariant directly but only its separated left and right handed parts My and Mg
are faithful representations of the Poincaré group.

The twistor product of the M}, with itself and with its adjoint has then several
terms which have different meanings: (Mk)TLfyA(Mk)L, (Mk)kfyA(Mk)R,
(My)Lya(Mg)r, (M) ya(Mg)r, (My)rya(My)r and (Mg) rya(Mg)rL-

All of them related however to the analysis of section 3 above. We form com-
binations of the type of bilinear covariants and invariants with the form My M,
related to the Dirac theory with the 74 the hermitian operator obtained from the
Clifford algebra (1).

The v4 will contain three types of information. First that information re-
lated to geometric quantities: «, for vector quantities like momentum or -, for
bivector quantities like angular momentum or electromagnetic field strengths; sec-
ond the twistor or spinor “metrics”: e€4p is given by d; and the twistor metric
by 71, the twistor conjugation is given by iys57vy represented by ((1) 01) and
third the projection which selects from the spinor or from the twistor the desired
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components, for example given 7, = (Z)I{IH) — IPgpn, = Il = IPry = <1(_)[>

and then Pgp selects the basic spinor from the twistor (in usual twistor notation
7%= (WA ma) — PPrZ® = (0,m4) and IPLZ* = (W4, 0).
First remember that because in the twistors we have by definition

VA =iz ¢y, and WA =iZ2% 1y (49)

from which we can form the invariant, using the twistor metric mqg,
wy = magVaWQ = 7€ and also we can extract the complex vector Z from the
twistors and the representation of the v* basis vectors of the Clifford algebra

ZH = iwy Y(VrT — WEHE) = My My, (50)

with X* = real part Z* and X/ = imag part Z* (51)

we also obtain Y the Pauli-Lubanski or spin spacetime vector. This is more clearly
shown if we form the momentum vector

P! = Myy" My, (52)

resulting in

Pt = £(oM)¢ + ot (53)

which is the momentum part of the Gordon decomposition of the currents. The
normalization of the ¢ given by (55) below; and then check that Y obeys

Y*Y, =1, Y"P,=0. (54)

Furthermore, from the existence of the cross products in (52) we find that

PFP, = 2wiwy =m? >0 (55)

then for the determination of the wave function v the massive Dirac equation has
to be used with the value of m resulting from (55). This is in agreement with the
Higgs postulate that mass is to be obtained from the coupling of the left handed
and the right handed parts of the electron’s field.

The cross products of the terms with (¢)r and (¥)g define a couple of vectors
e and ey which together with the normalized Y and P form an orthonormal tetrad
with P and Y gauge invariant but e; and e; only defined up to a rotation angle in
the plane they generate.

As we can recover the spinors from the twistors IPrnr = Py and IPrn;, = Py,
then ¥ = IPrngr + IPynr and all bilinear quantities and analysis of the standard
theory are recovered. It is also clear that the fundamental differential equation
becomes the Dirac equation applied to 1. The bispinor 1 can also be mapped into
a spinor pair [Keller and Rodriguez Romo, 1991].

We can also map one of the two twistors, say the left-handed, into a right-handed
twistor, by straightforward conjugation and then the MEXOR will result equivalent
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to a twistor pair as in the analysis of the massive particle with spin made by Tod
[1975, 1977; Tod and Perjes 1976; Bette 1984-1989] with all their results recovered
by the MEXOR, approach.

Finally from the gauge freedom of the spinor ¥ — IR(z)y and of the twistor
ZAA _ 7AA L AA7 A we introduce through IR(x) the gauge fields and through the
results, change in Z given by the terms MaA" | describe the changes the gauge fields
produce in Y and in the e; and ey vectors besides the well known changes the gauge
fields produce in the momentum vector P. This can also be described as a sum of
spinors

V' =+ (R(z) — 1) (56)
and therefore as the coupling with new MEXORS

(1 +i2)[(R(z) — 1)¢] (57)

or their corresponding decomposition into a sum of (two additional) twistors.

We have described elsewhere how if the mass of the electron is given the masses
of the other elementary particles are describable in terms of numbers associated to
the representations on the Dirac Clifford algebra [Keller, 1994b)].

The gauge approach to interactions is expressed in Clifford algebra with the
use of the representations of the Lorentz transformations IL given by (12) above.
They are the IR multivectors generated by the exponentiations of the bivectors

A AL # v
Yo = Vo Vur = —GuuVv

m T = Y Vv =9V

TN = M\Vuv

generators of the Lorentz transformations, which rotate vectors in the plane p = v
they represent and leave vectors orthogonal to that plane unchanged.

R = e ®”
The action on multivectors is
M — RMR with RR=IRR=1
For example, applying e?## with (y,,)? = —1, we obtain
(cos ¢ + Yy senep) Ya(cos ¢ — Y senyp)
= 7 c0s? ¢ + €08 @ SeNP(Vu YA — V) — SENZ DY VA Yy
= 7a(cos? @ Hgrx — gav — Gur)gax senp)
— 5e0®0(GurGuu Yo + IauGvr Vi — (9ax — 9w — Gru)IaATA)

+2cos ¢ sengo(gyxm - gu/\%)
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corresponding to a rotation by an angle of 2 of the vectors in the plane u = v.
Whereas the action on spinors is

Y — IRy

corresponding to a rotation by an angle ¢ in the plane p — v.

These rotations and boosts change the energy-momentum of the particle rep-
resented by the field. But, moreover, they change the components of the basic
geometric quantities of the theory, most relevant the local tetra X. Y, e; and es,
then the gauge fields are equivalent to local deformations of the reference spacetime
and constitute in fact a total geometrization of the gauge fields and interactions.

The changes in the spinor are

== (R-1) = Ry

and then the changes in the MEXOR, assuming that the vector Y is also acted by
the gauge rotor R, as Y — Y’ = RY IR, is

(1+iZ)p — (1+iZ')yf
with Z' = X +4iY’ and then writing 2/ =Z +Y’' - Y

(1+iZ)p - (A +iZ)p+ (1 +iZ)Ry + (Y =Y )

but in practice Y is not used and the last term drops out. This shows that in
principle the gauge fields correspond to the addition of a new MEXOR resulting
from the change in the spinor part. Therefore the physics of the new model is in fact
a manifestation of the spinor transformation (gauge phase factors). The interaction
field strengths F'*¥ change the energy momentum

PH = eFMp,

and induce a precession of the spin vector and an additional rotation of the spin
plane

St = eFHS,

S Iz

e/b = —wey —eF*eq,
5 — H v

é5, = wej +eF*ey,

where w is the spin angular velocity i/2mec.

This finishes this short discussion on the completeness of the MEXOR fields to
describe the known features of the single particle approach to the theory of the
electrons. All analysis presented in the paper Keller [1997], page 3 of this issue,
applies without further changes.
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