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1. Introduction

In [1, 2] we have presented a derivation of a Density Functional Theory (DFT)
from first principles. It was shown to be an independent and fundamental
formulation for the description of an extended system in space. Our approach
was also shown to contain the standard features of DFT. The methodology
deduces the theory from the consideration of a distribution of action over
space—time within a general framework we have called START. For this purpose
we introduced the concept of carrier density. In the present paper we give a
formal definition of the carrier density which represents an elementary type
of physical object. The procedure will allow a systematic study of the role of
auxiliary amplitude functions in the theory.
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In a series of papers [3, 4] we have developed a comprehensive theory of
matter which has followed this scheme
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In this program the principles refer to the existence of a unified geometry
for space, time and action. A fundamental principle is also the requirement of
the state of the system to be that of the least action. The postulates, to the
geometrical union of the manifold of those variables through the systematic
use of the concept of carriers and to the requirement that exchanges of action
should occur in Planck’s quanta.

1.1. Mass, CHARGES, ACTION, SPACE AND TIME

In our formalism “action”, as a fundamental variable, is distributed among
a set of carrier (of action) fields. An action density &(x,t) is the funda-
mental concept defining all three: space (parametrized by the vector x), time
(parametrized by the scalar t) and action density (parametrized by the scalar
valued analytical function &(x,t)) as primitive concepts from which all other
physical quantities will be derived or at least related directly or indirectly. The
different forms of distributing the action among these carriers define the carri-
ers themselves. Here as in our study of General Relativity and related theories
(see [3, 4]) action (action density) is given the status of an independent variable
(function).

1.2. DEFINITION OF CARRIER FIELDS

Within our fundamental formulation we will have to define properties of the
fields we call “carriers”.
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A carrier-domain B is a connected open set whose elements can be put into
bijective correspondence with the points of a region (domain in some instances)
B of an Euclidean point space E (In continuum mechanics the elements of B
are assumed to exist by themselves, in our presentation this term is merely
part of the description of a carrier-domain.). B is referred to as a configuration
of B; the point in B to which a given element of B corresponds is said to be
“occupied” by that element. If X denotes a representative element of B and
x the position relative to an origin 0 of the point x occupied by X in B, the
preceding statement implies the existence of a function 6 : B — B (By, stands
for the totality of the positions relative to 0 of the points of B) and its inverse
© : By — B such that

x=0(X), X=0(x). (1.1)

In a motion of a carrier-domain the configuration changes with time. Let ¢ be
a real variable, denoting time, and I € R an interval (not necessarily bounded).
If with each value of ¢ in I, there is associated a unique configuration By, of a
carrier-domain B, the family of configurations {B; : ¢ € I'} is called a motion
of B. This definition entails the existence of functions ¢ : B ® I — (B;)o and
D {(x,t):t€l,x € (B)o} — B such that

x = ¢(X,1), X =d(x,1). (1.2)

In a motion of B a typical element X occupies a succession of points which
together form a curve in E. This curve is called the path of X and is given
parametrically by equation (1.2). The rate of change v of x in relation to
t is called the velocity of the element X. As in continuum mechanics (our
definitions run parallel to those of an extended body in continuum mechanics,
see for example Spencer 1980 [16]) the velocity and the acceleration of X' can be
defined as the rates of change with time of position and velocity respectively as
X traverses its path, here and there “Kinematics” is this study of motion per se,
regardless of the description in terms of physical forces causing it. The primitive
concepts concerned are position, time and carrier, the latter abstracting into
mathematical terms intuitive ideas about aggregations of matter capable of
motion and deformation. The set of constitutive properties of the carriers,
described below, will give useful, formal, existence to this concept.

Equations (1.2) depict a motion of a carrier-domain as a sequence of cor-
respondences between elements of B and points. The points are identified by
their positions relative to a selected origin 0 and the definitions provide a sim-
ilar means of recognizing elements of 5. At each X a scalar quantity is given,
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called carrier density o(X), such that if x = ¢(X,t) then o(X) — p(x,t) defines
a scalar field called local carrier density.

As mentioned a carrier will have physical significance through its set of
properties. The value of the density of a carrier field can be defined through a
set of fundamental scalar constants (main examples: mass and charges) such
that the integral of the product of these constants and the density gives the
experimentally attributed value of a property for that carrier. The density
might become an indirect observable through the repeated measurement of
those properties, but it is not an observable in itself. We will use an example.
A carrier field identified with an electron will have a density p(x,t) and if the
property is Q we will obtain the definition Q = [, q(x,t)dx = [, Qp(x,t)dx
for all ¢ in the system’s volume V, which defines that @ is a constant property
(in space and time) for that field (otherwise the variable quantity ¢(x,t) can
be called “the density of @ ) The set of properties {Q} characterizes a carrier
field and in turn establishes the conditions for a density field to correspond to
an acceptable carrier. This is for example the case of electromagnetism, and
its daughter theory: elementary particles theory, where the set {mass, electric
charge, weak charge, strong charge, spin} defines the ‘elementary particle’ one
is dealing with.

1.3. INTERACTION TENSOR

In B the carrier has as only properties its existence, whereas in B the carrier ¢
has a distribution characterized by the density p.(x,t). There is no restriction
in defining a reference space Br where the carrier exists in the points x with
constant density p(® occupying a volume Vj such that p(9Vy = 1, these two
quantities are unobservable as far as any “observation” requires an “interac-
tion”, only then the distribution acquires a meaningful space dependence as a
function, by definition, of an external interaction V(x,t), which will be defined
below. Here it is important to state that as a result of this interaction, and
of the attributed properties of the carrier, the density evolves into a current:

iy
p®© = jV(x,t). The first considerations are that p(®) is defined in a given

proper frame of reference E(®) with vectors {eéo),ego),ego),eéo)} and then a

reference carrier’s density current is defined in those points as j(© = p(o)eéo) ,
second that in the observers frame of reference E with vectors {eg, e1, ea,e3},
as a result of the modification of the distribution caused by the interaction,
the carrier’s density current is given by

—

7Y (x,t) = RY (x,)SY (x,1;x' )RV p(© (x') e,
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.
with time-like component pY (x,t) = jY (x,t) - p.

That is in density functional theory the density itself is characterized by the
properties of the carrier and the self-organization of the carrier which adapts
to the external interactions. Let us analyze this.

Let x be the position of an arbitrary point X" relative to an origin o and let
S(x,t;x") and R(x, t) be respectively a positive definite symmetric tensor and a
proper orthogonal tensor fields on E. First we give geometrical interpretations
of the actions of S and R on x.

e S admits an spectral representation (I =Y (p, ® p,))

S(x,t;X') = 8(x,£X) > _(pr @ pr) = Y_ Ae(X, %) (Pr @ D)

with A, and p, the eigenvalues and eigenvectors of S. The A, being positive
and the associated proper vectors forming an orthonormal basis p = {p,}
of E. Hence

Sx' = Z AT(X7 t; X/)(pr ® PT)X/
= Z /\T(X7 t; X/)(pr : X/)pr = Z /\r (X, t; X/)xrpr

where z,. are the coordinates of x" in the Cartesian system (o, p). In geo-
metrical terms, therefore, the action of S on x’ is to map x’ into the point
x(x’,t) having position Sx’ relative to o and coordinates \.(x,t;x’)x,
in the system (o,p). The distance of every point of E from the coordi-
nate plane x; = 0 is changed by the positive factor \;(x,t;x’), (being
increased if A; > 1 and reduced if 0 < A\; < 1), and distances from the
planes x5 = 0 and x3 = 0 through o are likewise multiplied by A2 (x,t;x’)
and A3(x,t; x') respectively. The tensor S(x,t; x') accordingly gives rise to
a transformation of E consisting of proportional extensions, or stretches,
of amounts \.(x,t;x’), in the mutually orthogonal directions defined by
the unit proper vectors p,. These directions are known as the principal
axes of S.

e  The antisymmetric tensor R(x,¢) can be expressed in the form
R(x,t)=pp+(q®q+r®r)cosf(x,t) — (q@r —r ® q) sin O(x, t)
where —1 < §(x,t) < 7 and {p,q,r} is an orthonormal basis of E. Hence

Rx=y={p®p+(q®q+r®r)cosfd — (q®r —r®q)sinf}x
=pp + (qeosb(x,t) + rsinf(x,t))q + (rcosd(x,t) — gsin(x,t))r
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with p = x-p, ¢ = x-q and 7 = x - r. In the rectangular Cartesian
coordinate system with origin o and base vectors p,q,r and the points
y with position Rx relative to o have coordinates (p, R 2, z) and (p, R
ze 3 ze?) respectively, where z = ¢ + ir, and x is carried into y by
rotating the radius vector ox through an angle 0(x,t) about the axis oc.
The action of R(x,t) on x may therefore be interpreted as a rotation in
E of amount 0(x,t) about the axis through o in the direction defined by

p.

Now we give a physical interpretation to the transformations S(x, t) and R(x, t).

The positive definite symmetric tensor S (x,#;x’) describe the spatial
distributions of the carriers density which should minimize the action of
the system according to our physical principle that the state of the sys-
tem should be that corresponding to a stationary action. Otherwise the
reference distribution being arbitrary we can replace the deformation it
defines by a scale factor SV (x,t) which describes the final carrier density
distribution.

The orthogonal tensor RY (x,t) describes the additional local rotation of
the distribution arising from the effect of the external interaction.

It could be convenient to write the actual density distribution in the form
pV(x,t) = RY (x,1)8" (x, )R p(),

where the R(®) describes the reference state of rotation of the carrier dis-
tribution. This reference rotation (a constant for an elementary carrier as
defined in the next section) will be called spin of the carrier in accor-
dance with the usual nomenclature. When the density p(x,t) is described
below this additional orthogonal tensor R(®) will acquire its full physical
significance. As a result of the definitions above we could in fact write

SV(x,t) =SV (V(x,t), RV(x,t) = RV (V(x,1)),

for the interaction tensors.

The carriers density current can be written, if a representation is given of
S(x,t) and R(x,1), as

—

iV (x,t) = 8" (x,t)RY (x, t)R(O)p(O)e(()O)
=0 (x 1)p ey = 0V (x, 00 e (8 (x1))"
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the last form which will acquire full meaning below with the carrier current
amplitude function operators ¥V (x,t) and (¥ (x, t))f being multivector
or matrix representations of the extensions and Lorentz (Poincaré) trans-
formations defined by ¥V.

Density Functional Theory is then a theory which describes the self-organi-
zation of a carrier distribution upon the influence of an external interaction,
represented by the potential V(x,t), as seen by a given observer represented
by a geometric frame of reference.

The carrier current amplitude function

Here we want to show explicitly the multi-vector content of the carrier current
amplitude function. We have considered that associated with each matter field,
there is a distribution current field e, j*( ), such that, denoting by z= e, "
points in the observers frame of reference,

e (x) = p Vel (1.3)

assuming that there exists a (local) frame eﬁo) where the carrier distribution is

at rest. The frame eﬁ)) is related to the observers frame e, through the local

Lorentz transformation with representation
el = R(x)e,R'(x), R '=R, (1.4)

then (1.3) becomes
0 5) = PRI (), (19

we multiply (1.5) by R(x) on the right,
" (})R(x) = p R(x)e, (16)

and use the multi-vector double projector P, , with the properties (best choice
for a massive carrier)

P+T = 60P+T = P+T60 and P+T = P+Tieleg, (17)

to obtain
e " R(x) Pyt = p O R(x) P, yieger ez. (1.8)

Here, the iejes factor is to be kept for further reference to Py having been
chosen as the appropriate projector, other choices could have been made. The
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up arrow refers to e as the direction of spin up and the plus sign to the choice
of ‘positive’ carrier mass mg when energy-momentum is considered.
Now assume that there is a function

U(x) = AX)R(x)Pyq € Chs, (1.9)

where 6173 is the space-time multivector algebra (basis vectors {e,;u,v =
0,1,2,3}, with e = —e? = —e%g = —e3 = 1 and the definition property
ene, = —eye,, we also use the notation eg; = epe; = €; (4,7,k = 1,2,3) and
es = epejezes = ep1e3) and such that (1.8) can be written

en g ¥(x) = PO (x)iegeyes. (1.10)

In the reference ‘rest’ frame of the field R(x) = 1. We could also set the
reference carrier density to p(®) = p(0(x) = 1/A4%(x), replacing also j* —>
j*/A%(x), resulting in p = j° = ¥(x)eo(¥(x))" . Notice that mgcj* = pH, the
energy-momentum components, and, with this mgc factor included, (1.8) be-
comes an equation for the p#. Also the needed eigenvalue choice ¥(x)iege;ea =
U (x) defines the sign of the mass and the intrinsic angular momentum of the
carrier.

The function ¥(x) = ¥V (x) in (1.9) explicitly contains then four main con-
tributions: the existence of the carriers’ field in A(x) = AV (x); the observer’s
description of the relative motion of the field in R(x) a (local) Lorentz transfor-
mation, the reference to a preferred sign of mg and, writing R(x) = RV (x)R(®)
intrinsic angular momentum (spin through R(®) and P, ). The density p(x) =
j%(x) must be an acceptable density in the presence of the external poten-
tial V' (x), this is defined below. This derivation from first principles [1, 2] is
also an explanation of the reason for considering a geometric (multi-vector)
analysis.

1.4. COMPOSITE, DECOMPOSABLE, AVERAGE AND AVERAGE DESCRIPTION
OF CARRIERS

There are several forms of analyzing the density. Each one allows a physical
interpretation. For example:

e A composite carrier is defined as one for which the density

po(x,t) = ZAC;)C(x,t)7 (1.11)
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with the definition of each of the p.(x,t) being meaningful as a descrip-
tion of a carrier itself. In particular we can choose [, p.(x,t)dx = 1 and
A°=N.,.

e  Similarly a non-decomposable carrier is defined as one for which (1.11)
applies but for which the meaning of each of the p.(x,t) can not be defined
without reference to the global pe(x,1t).

e A (non-decomposable) elementary carrier is one for which a single p.(x, t)
is all it is needed; in this case we emphasize the discrete nature of an
elementary carrier, but we do not assume a point—like or any internal
structure for them.

e An average carrier is defined as one for which its density can be described
as (W = Ec:l,n A€)

palet) = 3 Apulx.), (1.12)

c=1,n

with the definition of the p.(x,t) being meaningful as a description of a
carrier itself. Similarly an average description of a carrier can be defined
either as a space average over carrier descriptions as in (1.12) or as a time
1 pt=to+7

average of a description, or sum of descriptions (W = > _,, tety

Ac(t)dt, the choice W = 1 presents less handling problems)

ER St

c=1l,n

t=to+T
AC(t) pel(x, t)dt. (1.13)
t=t,

The introduction of restrictions (definitions) on the A°(t)p.(x,t) terms
defines the desired properties of the carriers. For example (with an Euler-
Lagrange multiplier) a term of the form:

A(t)pe(x,t) = (By; (1) (¥'(x, 1)) ¥ (x,1)
can be used (see below) to introduce symmetry properties and interaction
possibilities.
1.5. SPACE, TIME AND ACTION

We already stated that in our theory space and time are fundamental, primor-
dial, concepts. The geometrical unification of these concepts into a space—time
coordinate manifold X = (x,ct) and the introduction of a metric defining an



48 A Formal Definition of Carriers J. Keller & P. Weinberger

interval ds? requires the introduction of a universal constant: the speed of light
c. As we will also use action as a fundamental concept we need another univer-
sal constant kK = dg/h . We construct k from a fundamental distance dy and a
fundamental unit of action we will choose to be Planck’s action constant h.

The concept of charges appears in the theory first of all from the necessity
to define the objects which exchange action among them in order to give a
formal meaning to the principle that action will be exchanged in integer units
of the Planck constant, second to relate the carriers among themselves defining
the interaction through the bilinear form containing the products of pairs of
charges, one type of charge for each one of the desired interactions. In this
context for an electron-like carrier both mass and electric charge belong to the
generic name of ‘charges’. This full program can obviously not be achieved if
the formulation is not suitable to contain the deduction of the theory of ele-
mentary particles itself, giving a geometric meaning to this theory. This will be
mentioned in the paper but the reader is referred to our previous publications
on this matter. To agree with standard formulations energy E = 9&/0t and
momentum p; = d&/dx" are the fundamental rates of change of the primitive
concept of action. Otherwise we are presenting ideas which unify existing theo-
ries in the sense that we transform the theories from an inductive to a deductive
class, also we suggest a well defined procedure to create future structures of
theoretical physics.

Hermann Minkowski in his 1908 Address to the 80th Assembly of German
Natural Scientists and Physicians, at Cologne, presented his mathematical for-
mulation of Special Relativity in a talk he called Space and Time, introducing
a fundamental axiom:

.-The substance of any world-point may always, with the appropriate deter-
mination of space and time, be looked upon as at rest.

In our present formulation the quantity which was called “substance” by
Minkowski is identified with the concept of “action density &” with a well de-
fined physical and mathematical formulation, that is we include “substance”
in the list of formal terms of physics. It is also appropriate to say that the
concept of matter, hitherto formally undefined, acquires proper formal defi-
nition in the context of the different structural theories we have derived from
START before and here, in a form which corresponds to a geometrization of
Minkowski’s fundamental axiom. Action density will be described as a sum of
contributions over carriers, & = ) _d. and then the contributions to energy-
momentum, that is the rates of change of action over space-time directions, will
also be sums over carriers ¢ and over collections of carriers {c; } when the choice
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was made to consider them as interacting carriers. Both the density function
&(X) and the splitting among carrier fields will be considered analytically well
behaved functions.

Energy—Momentum—Stress

The derivatives of action with respect to time and to space (3-dimensions)
generate a space—time vector which is termed “energy—momentum vector” p&o).
These derivatives are nevertheless to be defined with respect to a given observer
with local basis vectors e&0)7 for any other observer with local basis vectors e,
the components of the energy momentum vector will be given by a new set
of values p,,, related to the first ones by Lorentz transformations. The best
procedure is to define a vector valued function of a vector named the energy—
momentum-stress tensor field T'(x,t) which will, upon application on the e,
give the corresponding components of the energy—momentum vector

Pu(x,t) = T(x,t) [e,] .-

There are contributions to the action & which have no space or time deriv-
atives, this correspond to intrinsic contributions which give rise, for example,
to the spin angular momentum.

1.6. CARRIERS AS ACTION CARRIERS IN START

We need to partition the different distributions of action over space-time by
considering a set of contributions by a collection of scalar fields of “carriers” in
such a form that the total action density in space—time is the sum of the action
attributed to the carriers which, in that given point of space-time, have a non
null field. For a given observer the carrier field c is defined to have an energy
density N%é'cpc with &. a constant in space and N, the integer number of carrier
units of type c. The density p.(x,t) is required to obey fv pc(x,t)dx = N, in
the system’s volume V. -

In order to make direct contact with standard formulations of physics we
assume that the variables and fields associated to the concepts of space, time
and action have the same mathematical relations as they have in those formu-
lations. A fundamental, immediate, result is that energy and momentum as the
rate of change of action with respect to time or to space are natural, primary,
geometric concepts. Also the second derivatives of the action distribution are
natural candidates to be the field strengths when expressed per unit carrier
charges. This is particularly important in the gauge theory approach, where
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the rate of change of the action distribution, described through an auxiliary
amplitude function, has contributions difficult to describe, as is often the case,
as averages of the energy-momentum of some hypothetical point carriers. We
also make a sharp distinction between action density and Lagrangian density.
A Lagrangian density contains a description of the action distribution and a set
of constrains for the formulation of a theory, a Lagrangian density is already
a part of a particular theory.

Action is in our approach one of the properties of a distribution describing,
in relation to an observer, the contents of the physical world in space—time.
The concept of Physical Phenomena refers to the existence and change of this
distribution. Physics corresponds to the description of the action distribution
and its changes in relation to a given observer.

For a given observer the energy of a system & = ) N.& is at a given
time a description dependent weighted by N, sum of constants &. , assumed
to be distributed among the different carriers {c} and can furthermore, for
theoretical needs, be described as a sum of contributions per carrier. A more
general formulation, not developed here, would consider that the V. could be
variable real numbers N, = N, (t). The simplest, almost universal, type of
distribution of the energy per carrier &£, of type c is into the isolated carrier at
rest constitution energy &, the position dependent kinetic energy £ (X), and
the position dependent sum of potential energies &,(X) then

o (t) = EE + EL(X) + E(X) + 5 (X). (1.14)

It is precisely this distribution (1.14) which defines the carrier for a given
observer. £§ defines the basic carrier, £;(X) the state of motion relative to
the observer, and £5(X) the relation between that carrier and the rest of the
system as defined by the observer. The £X(X) term is required to make & a
position independent constant, this is needed to have a meaningful definition
of the carriers of type c.

For a given carrier charge ¢. (of type @) an interaction field intensity
E{, .(X) contributing to the energy per carrier, can be defined from the second
derivatives of the action, defined as arising from that interaction for that car-
rier. This second derivatives in turn may have further derivatives, with respect
to space or time coordinates. The invariant definition, given that the integrated
action A of a system is invariant under a space—time Lorentz transformation,
would be A = > N.A., this is because & = 0A. /0t is not invariant but
observer dependent and this imposes structural mathematical restrictions on
the energy densities & and, consequently, on £§, & and &;. This not only
because energy is a component of an invariant four—vector but also because
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the partition of energy among carriers has to be observer dependent.

Because the rate of change of momenta is related to the classical concept of
force, these geometric features are the geometrical representation of potentials
and their derivatives, the second derivatives of the action are then correctly
termed strength fields or force fields.

Notice that within the concept of interaction the rates of change of action
are to be expressed per unit charge and represent those contributions arising
from sums over carriers other than the one under consideration. The action is
to be considered as distributed among interacting carriers, and the concept of
charges of the carriers is required for this purpose.

The local energy density E.(x,t) would then be

Ee(x,1) = pe(x,1)Ec () = pe(x,1) {5 + EL(X) + /(X)) + EX(X)},

where usually the term £5(X) = £S5 {p.(x,1), (X)} is itself considered a func-
tional of the density. This is fundamental in the variational definition of inter-
action potentials V(z) = 0&5(X)/0p.(x,t).

1.7. DYNAMICAL PROPERTIES OF THE DENSITY

Using the parametrization of the amplitude function
U(x,t) = A(x,t) exp[iS(x,t)/h],
and the condition of a current density

9p o
E—FVJ_O’

we can introduce the definition of v, a velocity-like vector, such that j = pv
which allows writing a dynamical equation

dv

mps = —pV(V +V,),
dv ov
@ o TV
0
0 = —V'([)V),

ot



52 A Formal Definition of Carriers J. Keller & P. Weinberger

again p = |A|?, also v = V.S/m where we use the definition V, = —h?V2A/2mA,
and

0

m%(ﬂvu) = Z Vo {mPUuUU + j;p(bﬁ)} — PV,

defining energy-momentum-stress tensor

~ K2 h? V,.pVp
T/Stpz) = _szpéﬂv + %lT
or, from the amplitude function
h VU h d — .
u= fza% = v + iv;, where v; = 7%V1np and c<l::> = <Z1V>
and the equation for the current

m% j(x)dx = —/p(x)VV(x)dx.

With the, by construction, condition (x x VV,) = 0. In the non relativistic
limit and in the presence of an external electromagnetic field (p, A) (see [1, 2])
and the field intensities E = -V — %%—“;‘7 B=VxA

ov

i(—mv+5A)2qJ+V\If—e v =in
2m c L ot’

d
mpd—‘; +p (eE + Zv X B) =—pVV +V,),
to obtain a fundamental formal definition of the velocity in terms of the local

action per carrier and the external vector field
1 e
v=—(Vs+a).
m c
Here the sum in the parenthesis is fixed but the individual terms are defined
up to a gauge transformation.

2. Action Density

In this section we shall present our fundamental concepts as an Action Density
Functional Theory and discuss the origin and consequences of the formulation
of an Action Amplitude Function Theory.
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For the study of the distribution of action we consider that:

a) In the space-time-action picture, where the basic mathematical proper-
ties of space-time are assumed to correspond to the physical space-time, the
action density &(x,t) is inhomogeneously distributed, corresponding to the dif-
ferent material objects to which this action corresponds, in a possible relative
motion in the spatial directions with speeds 0 < v < ¢. The sets of distributions
which move with relative velocities 0 < v < ¢ with respect to a given observer
are called matter-like. (Note: for some particular descriptions an auziliary
time—average distribution of action (&),, can be used, with restrictions, to ac-
count for practical or discretional lack of the knowledge of the time dependence
of &).

b) The matter-like energy distributions are to be considered as sources of
(infinite extension, in principle) decaying deformations of action distribution of
several types: first, a part Ay uniformly decaying with distance, which observers
will interpret as gravitation; second, of a collection (A, B,C,...) of vortical
fields, superimposed on the Ay part, which can be felt selectively by responses
of the given internal vortices of other matter-like distributions. This second
property is not given a priori but it is a consequence of the intrinsic nature
which the desired description attributes to the objects, as developed below.

¢) We introduce now a third fundamental concept: energy—momentum car-
riers. At a macroscopic level the energy carrier is defined by a density distri-
bution and by the integral properties of the distribution. We shall keep this
concept without considering that the distribution could be reduced to a point
singularity in space (line in space-time). We shall, anyhow, use the (not very
fortunate) name carrier density for this quantity, the main reason being that
its integral will be taken to be, as mentioned above, an integer. An extra reason
is the definition of identical carriers as a density in a space volume V; such
that at time ¢t = ¢/

/ ppdx = ny, h/ Orapdx = / PpELdx = npey, = By, (2.15)
V, Ve Vs

and By = [Y_, Ey],, for a collection {b} of (by practical construction) indepen-
dent types of carriers. In agreement with our freedom of description we could
also allow the nj not to be integers, provided Ey is not changed.

2.1. CLASSIFICATION OF ACTION (ENERGY) CARRIERS

The definition of energy carrier in (2.15) is useful in general. In the development
of different theories the action can be partitioned among carriers (carriers of
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action which we will call carriers type & below). Subsequently the energy—
momentum will be partitioned into the carrier fields. When interactions are
considered there is the possibility of an arbitrary momentum distribution per
carrier. In this case there is the additional possibility for the energy—momentum
attributed to a specific carrier fields to present relative or intrinsic rotational
distributions, even if non-solenoidal fields can not be directly derived from a
scalar action, given that curl(div((x))) = 0.

Then a second type of carriers will be those for which the energy—momentum
itself is partitioned into the carrier fields. The energy distributed as in the
last terms of (2.15), but allowing the momentum field to posses a rotational
distribution curl(p(x)) # 0, and by necessity div(curl(p(x))) = 0. This second
type of carriers, whose definition allows a larger type of interactions, will be
called carriers type D.

A third type C of carriers has been present in the systematic development
of the theory, for sets of carriers which are collectively of type b, even if for
each carrier a further splitting of the field intensities is made which violates
basic symmetries [1, 3].

The carriers of type & are those considered in standard (Newtonian) me-
chanics and in the ordinary formulation of General Relativity where only the
total energy-momentum content is considered. The carriers of type D are those
considered here and in standard electrodynamics where the splitting of the
energy-momentum content is considered. The carriers of type C are those con-
sidered in the standard model of elementary particles where symmetry breaking
interactions are admissible.

2.2. THE DENSITY

The conditions to be obeyed by the analytical function carrier density p.(x,t)
are:

D1.- pc(x,t) is a real quantity p.(x,t) C R.

D2.- The density 0 < p.(x,t) < oo in order to represent a finite amount of
action.

D3.- The derivatives of the density —oo < J,pc(x,t) < 400 in order to

represent a finite amount of energy—momentum.

Theorem 1 If U(x,t) is an analytical quadratic integrable complex or multi-
vector function, conditions D1, D2 and D3 are fulfilled identically if p.(x,t) =
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[P (%, t)|2. Here |f|2 means the real quadratic form of any more general func-
tion f, even if f itself is mot necessarily a real function and we define: if

12 = £ f then 8, |f* = (0uf*)f + FH ().

Condition D1 is fulfilled by the definition pe(x,t) = |[¥.(x,t)|°, D2 by
the requirement of quadratic integrability, D3 by the definition 9, |f |2 =
(Ouft)f + f1(9,f) and the analytical properties of W(x,t). It is seen that
the conditions D1, D2, D3 and [}, pc(x,t)dx = N, correspond to the W¥(x,t)
being quadratic integrable Hilbert functions. In any Lagrangian type formu-
lation this last definition of p can be used as a condition introduced via a
Lagrange multiplier.

Gauge freedom

Carrier density and density of action should be gauge invariant physical quanti-
ties, thus we need to develop a procedure which can allow gauge freedom, that
is, a procedure which allows for arbitrary, but correct and useful, descriptions.

Because the definition of carrier density depends on the attributed energy
per carrier we can not separate the definition of the gauge, in a form compatible
to the basic concept that the energy—momentum components are obtained by
using the operator ihd,, from the definition of the carriers themselves.

The definition required by D1, D2 and D3 above p. = |\I/C|2, allows gauge
independence. A set of Lagrange conditions and multipliers can be used to
define the carriers and their desired properties. This procedure can be carried
at any level of description, hence the universality of mathematical descriptions
presented here, which in fact give a self existing status to density functional
theory. There should be no confusion from the fact that p. = |‘I/C\27 here
proposed for density functional theory, is formally equivalent to the use of
Wave Equations in Quantum Mechanics. This equivalence will be shown below
to have far reaching consequences.

3. Considerations About Density Functional Theory

Density functional theory [5], in a form useful for the study of the electronic
structure of atoms, molecules and condensed matter, can be systematically de-
rived and formulated. Nevertheless in all cases hitherto, as a quantum theory,
it is developed in the context of quantum mechanics and its wave functions,
after considering the properties of the density operators, with particular em-
phasis on three aspects as follows: (a) definitions and existence theorems, (b)
rules for constructing density functionals, and (c¢) methodology.
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DFT is frequently considered then not as a fundamental theory but as an
approximation scheme within Quantum Mechanics because the density func-
tionals and some aspects of the methodology (mainly for the study of condensed
matter) require the use of formal and numerical approximations. Otherwise it
is a successful approach to study and describe small, medium size and large
systems.

The now traditional presentation of density-functional theory states first,
following Hohenberg and Kohn [6], that there is a unique functional to compute
the total energy for a system with N electrons interacting with an external
potential v(z) (in their ground state),

Blo,) = B b = F )+ [ o0 xx)ix, (3.10
where «y is the reduced first-order density operator, and F [y] is defined:
F=Thl+Ve-e 1] (3.17)

T [v] is the kinetic-energy functional and V. _. [7] is the total electron-electron
interaction energy. Both functionals are well defined but unknown.

On the other hand, the second Hohenberg-Kohn theorem states that for
whatever other approximated electron density +' (x) the energy functional
obeys the following inequality for the exact ground-state density

E,[Y1= Ey[]. (3.18)

A variational procedure can then be proposed to find both v and E

3Bl - u( [ ax- )] <o (3.19)

where p is a Lagrange multiplier associated with the restriction of having N
particles in the system. It has been argued that this constraint is enough for
the development and use of the theory, but recent evidence indicates that
other constraints are needed [7, 8, 9, 10], this is in accordance with our present
approach.

The one density v can be written within the one-particle approximation,
considering that for each ‘particle’ of the system there is at least one auxiliary
function 4;, such that [11]

v(x,x') = an i (x)) (i (X')].
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It is fundamental that in this approximation the total number of electrons can
also be expressed as a density functional

N=N|[y] = /7 (x,x)dx, (3.20)

using the diagonal part of ~.

In the present paper the v; (x) are precisely auxiliary functions, as defined
above, with no other purpose but to define NV quasi-particle states in the sys-
tem.

A. Appendix
A.1. SCHRODINGER AMPLITUDE FUNCTIONS IN START

The freedom of description of the energy-momentum partitioning is a funda-
mental issue in the construction of physical theories. Since at least the XIX*"
century an action function was introduced which was useful for this purpose, in
the XX century the de Broglie phase factor exp(i/Aa/h) [14] allowed the free-
dom of energy-momentum description and the use of the gauge fields. Later the
concept of non-commuting gauge fields was successfully introduced to describe
a larger set of energy-momentum partitioning among carriers (fundamental
interactions). We follow now the Schrédinger procedure.

1. Let the Schrédinger (1926) definition S(x,t) of action in terms of an
auxiliary function ¥(x,t) be

S(x,t) = KIn¥(x,t) = —K InUi(x, 1),

that is: action is considered a sum of terms. The action S(x,t) is requested
to correspond to the stationary states of the system to be described, this if
ensured through a variational optimization procedure.

2. Let the carrier density p be the real quantity
p(x,t) = Ui (x,1)¥(x,1),

where p(x,t), ¥ and ¥ are: unique-valued, continuous and twice-differentiable,
with the condition p(x,t)| 0.

space boundary =

3. Let the canonically conjugated variables be: (x,t) and []S =iK[]InV¥ =
—iK [ In V', with, again, [J = e*0,, the space-time gradient operator.
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4. The local energy description be (& is not a density)

1. 2
K 2%8 =& — (Pe)’ = (&) = (moc®)"

with the Lagrangian (density of energy and constrain) function
J = KXW - (O0)c* — (moc®)’ Ohw,

and variationally search for the extremum energy £ (minimum of action for
a stationary state system) 6J = 0 to obtain from the standard variational
approach

K2 [0 (O%0) + (O%T7) U] = mec? T,

and the equation for the auxiliary function ¥

K?[%0 = (m0c2)2 v,

(In the case where an interaction is assumed to exist (E — V)* — (Pc — eA)® =

2
(moc?)7).
From the Schrédinger variational search for the minimum of action for a sta-

tionary state system d.J = 0 we obtain the Schrédinger-Klein-Gordon Equation
(SKG), (consider first V=A=0) it is

0? 02 0? 0? 2
K= -=4+=—=+-—=)) - (mA) | T =0 A21
[ <6t2 (8&02 e R (moc?) (A.21)
We must emphasize that in the relativistic (and in the non relativistic) case
we obtain, through the Schrédinger optimization procedure, the W (or ¥T)
function which minimizes the action of the system. The geometric factorization
of the operator in the SKG equation transforms it into the Dirac equation. In

the next section we follow an alternative procedure which illustrates directly
the meaning of the components of the Schrédinger Amplitude Function.

A.2. LINEAR FORM OF THE SCHRODINGER-KLEIN-GORDON EQUATION

We want to express the Schrédinger-Klein-Gordon equation (SKG, A.21) in
the linear form

Hlinearw = m002w' (A22)
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Consider the simple case of the free carrier, that is, of the equation ( here
k? = (moc/h)?, i2 = —1)

1 02

2 ot?
and write (following a procedure analog to that of Charlier, Bérard, Charlier
and Fristot [13] to obtain a Schrédinger-like equation from the SKG)

P — V24 k*p =0, (A.23)

U= da, (A.24)
a=1
M =,
671'” - azz:l C#Qba,

m = 8 in order to have a faithful representation of both definitions and the
coefficients are given by the matrix

+1 +1 +1 +1 -1 -1 -1 —1

+1 -1 +4+1 -1 -1 41 -1 +1

H +1+1 -1 -1 +1 41 -1 -1 |~
+1 -1 -1 +1 +1 -1 -1 +1

with these definitions we write the 4 equations

9 m m
(ba = —ik Z Cz(baa
1 a=1

Oox,,
a

and use them in equation (A.21,A.23) to obtain:

) 8 - m
> o con = k3o
o a=1 a=1

which is a linear form of the energy-momentum conservation equation (A.21).
If a representation of the same relation is given through the use of a set of
real 8x8 or complex 4 x 4 matrices v*, [2C(2)] we obtain the Dirac equation.
The Dirac equation is thus a faithful representation of the linearized form of
the Schrédinger—Klein—-Gordon equation.
Observe that the fact that we can now define a d’Alembertian operator

[ =~"0u,
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allows the generation of a Clifford algebra representation of the full geometry
of space—time through the definition

v (") =",

of the matrix representation of the geometric algebra of space-time. The ~*
faithfully obey the same relations as the basis vectors e#. The set of 8x8 real
matrices y* = v (e#) C [2R(4)] representing the e* is, for example,

The chiral representation Dirac matrices v* and wave function ¥ are ob-
tained trough the mapping.

(18) (8-

Representations of algebras are not unique, but they are related by simili-
tude transformations.

A.3. THE FIRST ORDER EQUATION AS A FACTORIZATION-PROJECTION

The deduced equations which are first order in the space-time derivatives can
also be analyzed as a factorization and projection procedure. Consider again
the equation for the optimized function to obtain the least action state of the
system of independent equivalent carriers (again k? = (mgc/h)?, 2 = —1)
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iﬁw—vzwwﬁw =0 (A.25)
c? ot? - '
and propose the factorization of the operator in the Dirac sense ([] = v*dpu)
(O +ik) (1 — ik) o = (v Op + ik) (v Op — ik) ¢, (A.26)
defining the projected function
U = ("0 — ik) 9 (A.27)

which obeys, by construction, the well known Dirac equation
(YOu+ik) ¥ =0 (A.28)

showing that the, optimized to obtain the least action, complete solu-
tion of the linear equation, auxiliary function ¥ is a non—scalar function
(which depends on the representation (v (e,) = v*) of the geometry) contain-
ing information about the action and about the energy—momentum relationship
through the mgc and the space-time derivatives of the action.

Acknowledgements

JK is a member of the Sistema Nacional de Investigadores, Conacyt, México.
The technical assistence of Mrs. A. Irma Vigil de Aragon is greatly appreciated.

References

[1] Keller J., Advances in Applied Clifford Algebras, 9 (2), 309-395 (1999)

[2] Keller J., Rev. Soc. Quim. Mez., 44 (1), 22-28 (2000)

[3] Keller J., “The Theory of the Electron; A Theory of Matter from START”.
Foundations of Physics Series 117. Dordrecht: Kluwer Academic Publishers
2001

[4] Keller J., Annales de la Fondation Louis de Broglie.27(S) — (2002);

Keller J., Advances in Applied Clifford Algebras, 11 (S2), 183-204 (2001)

[5] Lundquist S., N. H. March, “Theory of the Inhomogeneous Electron Gas”. New
York: Plenum 1983;

Dreizler R., J. Providencia, “Density-Functional Methods in Physics”. New
York: Plenum 1985;

Pickett W., Comments Solid State Phys., 12 (1) (1985);

Keller J., J. L. Gazquez, Density Functional Theory. Lectures Notes in Physics
187. Berlin: Springer-Verlag 1983;

March N. H., B. M. Deb, “The single Particle Density in Physics and Chem-
istry”: New York: Academic Press 1987;

Parr R. G., W. Yang, “Density-Functional Theory of Atoms and Molecules”.
Oxford: Oxford University Press 1989



A Formal Definition of Carriers J. Keller & P. Weinberger

Hohenberg P., W. Kohn, Phys. Rev., B 136, 864-867 (1964)

Keller J., Int. J. Quantum Chem. Symp., 20, 767 (1986)

Keller J., E. Ludeifia, Int. J. Quantum Chem. Symp., 21, 171 (1987)

Keller J., J. Mol. Struct., 166, 51 (1988)

Flores J. A., J. Keller, Phys. Rev. A 45 (9), 6259-6262 (1992)

Kohn W., L.J. Sham, Phys. Rev. A 140, 1133-1138 (1965)

Keller J., A. Keller, J. A. Flores, Acta Chimica Theoretica Latina, XVIII (4),
175-186 (1990)

Charlier A., A. Bérard, M-F. Charlier and D. Fristot, “Tensor and the Clifford
Algebra”. New York: Marcel Dekker, Inc. (1992).

de Broglie Louis, Annales de Physique, 3, 22, (1925)

Schrodinger E., Annalen der Physik, (79, p.361, 489, 734; 81, p.109) (1926)
Spencer A. J. M., “Continuum mechanics”. New York: Longman (1980)



