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Abstract. We revise the mathematical formulation of the theory of a particle in
a spherical surface, in particular we show that the system of relations between two
sets of generators of the SU(2) group lead to a formulation of nonrelativistic spin-
one half theory on the sphere S3. First we examine various possibilities to extend
this approach in the case of relativistic motion, then we give formulation for the
Dirac and Maxwell equations in homogeneous space-time where a geometrical point
is associated with the notion of relativistic top. Finally we formulate these equations
in a S3 surface embedded in R5, using spherical system of coordinates, and examine
the eigenvalue problem.
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1. Introduction

Among all possible values s the spin has a special status. It is frequently con-
sidered that spin-one half is the basic spin serving as building block for systems
with other values of spin. Currently it has been well established that the the-
ory of spin-one half is closely connected with the theory of space-time. This
point of view has been developed, for example, in the theory of spinor repre-
sentation of the space -time [1, 2, 3, 4] or phase space coordinates (twistors)
[5, 6, 7, 8, 9] and in the description of space- time within the basis of Clifford
algebras [10, 11, 12, 13, 14]. It is important that all these approaches lead to a
geometrical basis beyond the standard frames for space-time. It is also impor-
tant to recognize that the Clifford algebra approach faithfully and completely
embeds the spinor and twistor formulations.

In this paper we display the deep relation between the set of generators of
the space-time group and the system of equations for spin-one half particles.

2. Nonrelativistic Equation of Motion for a Particle with Spin One
Half in the Basis of Generators of the Group SU(2)

We start with a simple example to display the relation between the set of
relationships of the generators of the Galilean group and the structure of the
Hamiltonian of a particle with spin 1. At the level of mechanics the relation
between a free particle of mass m Hamiltonian and momentum p is given by

H =
1

2m
~p 2. (2.1)

This form of the Hamiltonian plays a fundamental role in the classical and
quantum mechanics, in particularly, it determines the structure of the Hamilton-
Jacobi and Schrödinger equations. Within quantum mechanics the algebraic
relation (2.1) is understood as a relation between operators for momentum and
energy given by

H = ih̄
∂

∂t
, ~p = −ih̄ ∂

∂~x
. (2.2)

This is a formal way to obtain the Schrödinger equation for the nonrelativistic
spinless particles. OperatorsH and p are generators of the Galilean group. Now
it comes the question: is it possible to generalize the relation (2.1) to obtain
the quantum equations for a particles with a spin? One, straightforward, form
is to consider the Clifford algebra for space (Pauli complex algebra) [11b]. It
turns out that this program may be realized by making use of the relationships
between the generators of the Galilean group. These relationships are given by
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the following simple system (here (~a,~b) denotes the symmetric scalar product
between vectors ~a and ~b

~M = [~r × ~p], ~r 2mH = −[ ~M × ~p] + s~p, where s = (~r, ~p). (2.3)

The determinant of this system equals zero, yielding:

2mH − ~p 2 = 0. (2.4)

An important property of (2.3) is observed when the particle is considered to
move in an external electromagnetic field. Let us introduce the field potentials
~A and φ in a canonical way:

~p→ ~p′ = ~p+
e

c
~A, H → H − eφ. (2.5)

In that case the components of the momentum operator don’t commute. More-
over the commutator is

[~p ′ × ~p ′] = −ihe
c
~H, (2.6)

where ~H is the bivector of the magnetic field’s strength. The system (2.3)
contains then the expression for the Hamiltonian considering spin in a hidden
way. Let us introduce the 3-dimensional orthonormal basis {~ek}, k = 1, 2, 3
(~ej , ~ei) = δji. In this paper we have used the symbol (~a,~b) to denote either
the scalar product d = (~a,~b) = aibi or, as in (2.8) below, the formulation of a
vector in Clifford algebra form A = (~a, ~δ) = aµδµ where {δµ} is a basis vector
set in Clifford algebra. Also the three dimensional map ~τik = [ei × ek] = eik.
Within this basis the system (2.3) becomes

{~r} 2mH = {~r}{~p 2 + (~τ , [~p× ~p])}, (2.7)

where the matrix-vector ~τik is given by

~τik = [~ei × ~ek].

The last term of (2.7) corresponds to energy of the interaction between the
magnetic momentum of the spin ~S = −ih̄~τ and the magnetic field . In fact,

1
2m (~τ , [~p× ~p]) = −ih e

2mc (~τ , ~H) = e
2mc (~S, ~H).

Then the spin-one matrices can be constructed from the orthonormal basis
vectors of the three-dimensional space. Now let us try the same procedure to
obtain the Hamiltonian of spin-one half particles. In the standard approach
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the spin-one half-operator is represented by Pauli matrices ~S = h̄
2~σ, we then

rewrite the system (2.3) in the following way

(~r, ~σ)(2mH) = (s+ ( ~M,~σ))(~p, ~σ),

s+ ( ~M,~σ) = (~r, ~σ)(~p, ~σ). (2.8)

We note, however, that these algebraic relations may be fulfilled iff

( ~M, ~p) = (~r, [~p× ~p]) = 0, (2.9)

which obviously should be obeyed for free particles, because

[~p× ~p] = 0.

But this is not the case in the presence of an external electromagnetic field.
From (2.6) one gets

( ~M, ~p) = −ihe
c
(~r, ~H) = 0. (2.10)

Obviously this equality could not be satisfied in the general case because
one may choose the origin of the reference system by arbitrary way. The
cause of this contradiction lies in the non-completeness of the algebraic ba-
sis {σ1, σ2, σ3} which we have used. Indeed the condition (2.9) disappears as
soon as we use the complete ring as a basis {I, σ1, σ2, σ3}. This is a basis of
a four -dimensional Euclidean space. Correspondingly the system (2.8) takes
the form

{r4 + i(~r, ~σ)} 2mH = {s+ i( ~M + ~N,~σ)}{p4 + (~p, ~σ)}, (2.11)

s+ i( ~M + ~N,~σ) = {r4 + i(~r, ~σ)}{p4 − i(~p, ~σ)},

where ~N = r4~p − ~rp4, s = (~r, ~p) + r4p4. Separating the expressions for the
basic units {I, (σ1, σ2, σ3)} we obtain

r4 2mH = (( ~M + ~N), ~p) + s p4,

~r 2mH = −[( ~M + ~N)× ~p] + s~p− ( ~M + ~N) p4, (2.12)

which contains the Hamiltonian

2mH = p2
4 + ~p 2 + (~τ+, ([~p× ~p] + (p4~p− ~p p4)). (2.13)

In the left handed system of reference we get
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r4 2mH = (( ~M − ~N), ~p) + s p4,

~r 2mH = −[( ~M − ~N)× ~p] + s~p− ( ~M − ~N) p4,

with Hamiltonian

2mH = p2
4 + ~p 2 + (~τ−, ([~p× ~p]− (p4~p− ~p p4)), (2.14)

the spin-matrix being given by

~τ±(αβ) = [~eα × ~eβ ]±(e4α~eβ − e4β~eα), (2.15)

with {~ek}, k = 1, 2, 3, 4 and (~ei, ~ej) = δij .
Let us note the operators ~N, ~M are generators of the SO(4) group while

the linear combinations of these operators

~M±/2 = ( ~M ± ~N)/2 (2.16)

form two set of generators for the SU(2) group. The operator s = (~r, ~p)+ r4p4

is the dilatation generator.
The isomorphism between the SO(4) and SU(2) groups is explicitly exhib-

ited in the vector-parametrization of the SO(4) group by

T [SO(4)] = (1+â+)(1+b̂−)√
(1+~a2)(1+~b2)

= T+(~a)T−(~b).

In this representation the spin-matrices (2.15) are interpreted as matrices of
infinitesimal transformations of the SU(2) group:

~τ+ = ∂T+/∂~a(~a = 0), ~τ− = ∂T−/∂~b(~b = 0).

And in this formulation the spin-one half operator is defined by

~S = −ih̄~τ±/2,

instead of the usual one given in terms of the Pauli matrices

S = h̄
2~σ.

The basis {I,−iτx,−iτy,−iτz} is then isomorphic to the basis of Pauli matrices
{I, σx, σy, σz}.

Our purpose is to formulate the Pauli equation purely in the terms of the
generators of the SU(2) group or, in other words, in terms of the operators σ
and ~M .
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The Hamiltonian of the spin-one half particle in 4-dimensional Euclidean
space is written as follows

2m H = (p4 − i(~p, ~σ))(p4 + i(~p, ~σ)). (2.17)

Now let us use the constraint for four-dimensional coordinates to a sphere

R2 = r24 + ~r 2 = (r4 + i(~r, ~σ))(r4 − i(~p, ~σ)), (2.18)

where R is the radius of the three-dimensional sphere S3. We get

2m H =
1
R2
{p4 − i(~p, ~σ)}{r4 + i(~r, ~σ)}{r4 − i(~r, ~σ)}{p4 + i(~p, ~σ)} = (2.19)

(s′ − i( ~M, ~σ))(s+ i( ~M, ~σ),

where s = (~r, ~p)+r4p4 is the Euler operator with the eigenvalue−4ih̄(0, 1, 2, ...).
On the sphere S3 one of the eigenvalues of this operator is zero. The eigen-
value of the operator s′ = (~p, ~r) + p4r4 is −4ih̄. Restricting ourselves to this
eigenvalue of s only we obtain

2m H =
i

R2
{−4ih̄− i( ~M, ~σ)}( ~M, ~σ). (2.20)

To find the eigenvalues and eigenfunctions of the Hamiltonian (2.20) we use
the expansion of the solution in spherical harmonics

Y LS
JM (θ, φ, ψ) =

∑
m,σ C

JM
LmSσYLm(θ, φ, ψ)ξSσ.

where ( ~M+ ~S)2Y LS
JM = J(J + 1)Y LS

JM and (~S)2Y LS
JM = 3

4Y
LS
JM , to obtain

( ~M2 + 2(~S, ~M)}Y LS
JM = (J(J + 1)− 3

4 )Y LS
JM ,

with J = 0, 1
2 , 1,

3
2 , ... . Let us first concentrate our attention on the ground

state J = 0. The eigenvalue corresponding to the ground state is

H(J = 0) = − 2
mR2

~S2 → − h̄2

mR2
3
2 ,

a negative value. To avoid negative values in the definition of the energy we
define the Hamiltonian as the sum

H = H + 2
mR2

~S2 = 2
mR2 { ~M2 + 2(~S, ~M)}+ 2

mR2
~S2.

The term 2
mR2

~S2 we can interpret as a reference energy corresponding to the
spin of the particle. We then get a remarkable expression for the Hamiltonian
of a spin-one half particle, on the sphere S3, as follows

H =
2

mR2
( ~M2 + ~S)2. (2.21)
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The spectrum of this operator is immediately given by

HΨ(J) = 2h̄
mR2 J(J + 1)Ψ(J), J = 0, 1

2 , 1,
3
2 , ... .

The discreteness of the energy spectrum is a consequence of the compactness
of the group SU(2), the space of which is the space of the solutions. When
R → ∞ the Hamiltonian (2.21) tends to the Hamiltonian of the free particle
Pauli equation. In that case

~M±/R = ( ~M ± ~N)/R→ ±~p,

and

H =
2

mR2
(
~M

2
+ ~S)2 =

1
2mR2

((2h̄− i~τ ~M)2 − h̄2) → 1
2m

(~p, ~σ)2.

As it has been shown in [15], the Hamiltonian (2.21) corresponds at the classical
level to a spherical symmetric classical top’s Hamiltonian on S3:

H = J2

2I ,

where I is a moment of inertia.
Let us consider the motion constrained to S3 and in an external magnetic

field. As an antecedent the nonrelativistic equation for spinless particles in
spherical space had first been formulated by Schrödinger [16]. Second the Pauli
equation considers generalized momentum in the gauge invariant form

~P = ~p+ e
c
~A,

to get, when Clifford algebra is considered (~p, ~δ) = pµδµ, the additional quan-
tity in the Hamiltonian responsible of the interaction between the magnetic
momentum of the charged spin particle with the magnetic field. This quantity
“automatically” appeared in the Hamiltonian as soon as we include an external
magnetic field in the gauge invariant formulation

2mH = (~P , ~σ)(~P , ~σ) = ~P 2 + ([~P × ~P ], ~σ) = (~p+ e
c
~A)2 + h̄ e

c ( ~H, ~σ),

where

~H = ic
eh̄ [(~p+ e

c
~A)× (~p+ e

c
~A)].

On the hypersphere S3 as a result of the introduction of the gauge field we get
[17]

~M = ~M + e
c
~B,
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where the constrained gradient operator ~B = 1
R{[~r × ~A] + (R ~A + ~r

R (~r, ~A))}.
The strength of the magnetic field is given by

~G =
c

e
{[(~∇+

e

c
~B)× (~∇+

e

c
~B)]− 2

R
(~∇+

e

c
~B)} =

= ([~∇× ~B]− 2
R
~B)),

where the constrained gradient operator ~∇ = 1
R{[~r×

∂
∂~r ] + (R ∂

∂~r + ~r
R (~r, ∂

∂~r ))},
whose components obey the commutation relations

[∇i,∇j ] = 2eijk∇k, i, j, k = 1, 2, 3.

3. Extension of Space-time Coordinates Conserving the Poincaré
Group Relations

We generalize the relevant formulae from the previous section to the relativistic
case. First all the basic operators considered have to belong to the Poincaré
group. The generators of this group are the 4-components of momentum pa

and the 6-components of the angular momentum Mab, from which one builds
two Casimir operators (indices a, b, c, d, . . . run from 1 to 4)

m2 = papa, W 2 = W aWa, Wa = −1
2
eabcdM

bcpd, (3.1)

where Wa is the Pauli-Lubanski (axial) vector, which is supposed to be pro-
portional to the total spin of the spinning system. In fact p is a vector, M
a bivector and W a trivector mapped, by duality, into a vector like quantity.
When the system is isolated, pa and Mab are constants of motion and for any
positive m, the history of the center-of-mass consists of the points of M :

m2 xa = Mabpb + spa, s = xapa, Mab = (xapb − xbpa). (3.2)

The condition for non-triviality of the solutions of this system is given by

m2 − papa = 0.

The set of relations (3.2) generates the well known Proca equations [18] which
can be written as:

m2 ua = −pbU
ab + paU0, U0 = pau

a, Uab = (paub − pbua). (3.3)

Thus we have generalized the system (2.3) to the relativistic case which again
occurs related to spin-one equations. The question arises: which kind of struc-
tural relations must be used for the generators of the Poincaré group to obtain
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the relativistic equations of motion for spin-one half particles? First let us
note that in the system of relations (3.2) the Pauli-Lubanski operator, which
plays essential role in the formulation of Poincaré groups for spinning parti-
cles, disappeared because the Pauli-Lubanski vector is trivial for the angular
momentum taken as orbital angular momentum. It is well known that its value
in non-trivial iff the angular momentum is taken as total angular momentum
consisting of orbital and spin parts. Our goal is to define the spin part by
extending the coordinate part in the relations (3.2). For that purpose let us
consider first the massless case where the extension of the coordinate part
yields Wa = spa.

For our purpose we present the spin part in the form

Sab = Labcpc =
1
2
eabcdycpd, (3.4)

with
Labc =

1
2
eabcdyd, (3.5)

where Labc corresponds to a trivector therefore it is skew symmetric in the
tensor indices. Inserting the total angular momentum defined by

Mab = (xapb − xbpa) + Labcpc, (3.6)

into (3.1) we get

Wa = −1
2
eabcdp

becdpqyppq = −pa(ybpb) = spa, (3.7)

with (ybpb) = −s. Thus for m = 0 we can build the following identities

Mabpb + (xbp
b)pa = 0,

1
2
ηabcdM

bcP d + spa = 0, (ybpb) = −s. (3.8)

We suggest that the spin part should have also the same structure for the
case of positive mass, so that the total angular momentum is defined by (3.6).
From the Labc and pa one can build also the fully skew symmetric tensor Kabcd:

Kabcd = L[abcpd] =
1
4
(Labcpd + Lbcdpa + Lcdapb + Ldabpc). (3.9)

In four -dimensional space this tensor is proportional to the also fully anti-
symmetric Ricci tensor eabcd with entries 1 or -1 according to the parity of the
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permutations of abcd:

Kabcd =
1
4
eabcdK0. (3.10)

One may also invert this relation getting the contraction

K0 =
1
6
eabcdK

abcd. (3.11)

With those definitions one may obtain the following identity

m2 Labc = 3p[aM bc] + 4pdK
abcd, (3.12)

where 3p[aM bc] = paM
bc +pbM

ca +pcM
ab. Remembering that the tensor Labc

is linked to an axial four- vector by (3.5) we can be transform (3.12) into the
following system

m2 ya =
1
2
eabcdMbcpd +K0p

a. (3.13)

Now let us summarize all these identities into one set of relations. We get

m2 xa = Mabpb + spa, s = xapa, Mab = (xapb − xbpa) + Labcpc,

m2 Labc = 3p[aM bc] + 4pdK
abcd, Kabcd = L[abcpd]. (3.14)

This set of relations generates the well known Dirac-Kähler equations [19]. By
dividing Mab into self-dual and anti-self dual parts:

Mab = M−
ab +M+

ab, M+
ab = 1

2e
cd
abMcd = +iM−

ab

and introducing the complex values
x+a = xa + iya, x−a = xa − iya,

w+ = s+ iK0, w
− = s− iK0,

we can transform (3.14) as follows

m2 x+a = M−
abpb + w−pa,

m2 x−a = M+
abpb + w+pa.

(3.15)

This system of operators generates the following equations of motion [20]

∂σψσ = mc
h̄ ψ,

∂µψν − ∂νψµ − ieµναβ∂
αψβ = mc

h̄ ψνµ,

∂σψσµ − ∂µψ = mc
h̄ ψµ.
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4. Generalization to the Relativistic Case

Following Pestov [21] we will consider a homogeneous space-time that differs
from the Minkowski space-time by geometrical and topological properties. We
remark here that in Clifford algebra this is equivalent to use complex algebra
and some constraint [14b]. In the non-Euclidean five-dimensional Minkowski
space-time M5

14 with Cartesian coordinates xλ , λ = 0, 1, 2, 3, 4

ds2 = (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2 − (dx4)2 (4.1)

consider the constrain to the one sheet hyperboloid H4 given by

ηλµx
λxµ = (x0)2 − (x1)2 − (x2)2 − (x3)2 − (x4)2 = −R2, (4.2)

where R is the hyperbolic radius of H4. The vector fields

Pλ = δµ
λ∂µ, Mλµ = (xλδ

ν
µ − xµδ

ν
λ)∂ν , (4.3)

where xλ = ηλµx
µ, are generators of the Poincaré group of the five-dimensional

Minkowski space-time. All vector fieldsMλµ are orthogonal to the radius-vector
R = xν∂ν . Using this expand Pν in the direction of the radius-vector R and
the one orthogonal to it, to obtain the vector fields

Mµ = aPµ +
1
a
(R,Pµ), (4.4)

The vector fields Mµ and Mµν are generators of the group of conformal trans-
formations of H4 because

[Mµ,Mν ] = −Mµν , [Mλ,Mµν ] = ηλµMν − ηλνMν . (4.5)

Define now the vector fields (compare with (2.16))

M0 = M0, M1 = M14 +M23, M2 = M24 +M31, M3 = M34 +M12, (4.6)

with components

M0 = (R+ 1
2x

2
0,

1
2x0x

1, 1
2x0x

2, 1
2x0x

3, 1
2x0x

4),

M1 = (0,−x4,−x3, x2, x1),

M2 = (0, x3,−x4,−x1, x2),

M3 = (0,−x2, x1,−x4, x3). (4.7)
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The vector fields M0, Ml, M2, M3 are continuous, linearly independent and
do not vanish at any point of H4. They obey (Ma,Mb) = 0 for a 6= b, a, b =
0, 1, 2, 3 and

(M0,M0) = −(M1,M1) = −(M2,M2) = −(M3,M3) = R2 + x2
0.

From (4.5)-(4.7) follow the commutation relations

[M0,Mi] = 0, and [Mi,Mj ] = 2eijkMk, i, j, k = 1, 2, 3. (4.8)

The one sheet hyperboloid (4.2) admits a simply transitive group of trans-
formations with the generators (4.6) having as the only nontrivial structure
constants

f1
23 = f2

31 = f3
12 = 2. (4.9)

Therefore, we will supplyH4 with a metric of the type (4.9) and thus transform
H4 into the hyperbolic space-time H4

13. From (4.6)-(4.9) it follows that the
vector field M0 is absolutely parallel with respect to the connection on H4

13

induced by the vector fields (4.6). For comparison we note that the vector field
M0 = ∂

∂x0 defined in (4.7) is also absolutely parallel. Also it can be shown that
in the homogeneous space-time H4

13 a geometrical point of the spatial cross
section can be associated with the notion of a top. From (4.2)-(4.9) it follows
that the cross section of H4 at the hyperplane x0 = 0 is a three-dimensional
spherical surface

(x1)2 + (x2)2 + (x3)2 + (x4)2 = R2 (4.10)

immersed in a four-dimensional Euclidean space.
Now within these geometrical notions we can generalize the equation (2.21)

for the top. Let us remember before the generalization of the Pauli equation
into the Dirac equation. This can be displayed in the following scheme:

HP = 1
2m (~p, ~σ)2 → (H

c −mc)(
H
c +mc) = (~p, ~σ)2 →

→ Det

(
HD

c −mc (~p, ~σ)
(~p, ~σ) HD

c +mc

)
= 0 →

→ HD

c Ψ = (~α, ~p) + βmc)Ψ.

In the same way we get [22]
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2mH = ((~σ, ~M)+2h̄)
R

((~σ, ~M)+2h̄)
R →

→ (HD

c −mc)(HD

c +mc) = ((~σ, ~M) + 2h̄)2 →

→ Det

(
HD

c −mc (~σ, ~M) + 2h̄
(~σ, ~M) + 2h̄ HD

c +mc

)
= 0 →

→ HD

c
Ψ± =

(
(~α,

~M±

R
) + βmc+ γ5

2h̄
R

)
Ψ±, γ5 =

(
0 I
I 0

)
. (4.11)

The spectrum of this equation for the free motion case may easily be found
taking into account that the operator (~σ, ~M) + 2h̄ commute with HD. The
eigenvalues of this operator are known

[(~σ, ~M) + 2h̄]Ψ = (n+ 1)Ψ, n = 0, 1, 2, ... .

As a most important result we find following formula for the spectrum of (4.11)

E = c

√
m2c2 +

h̄2(n+ 1)2

R2
. (4.12)

From physical considerations it is clear that for large n and R, the formula
(4.12) will approach the properties of the classical top. Indeed, in the limit of
large R it follows from (4.12) that

E = mc2 + J2

2I .

The Dirac’s equation was first generalized to the de-Sitter space by Dirac itself
[23]. He also formulated this equation in the conformal space [24].

Now let us consider the Dirac—Maxwell system of equations in the hyper-
bolic space-time. We write the Dirac equation in the homogeneous space-time
in the form

γcDcψ = µψ, (4.13)

where the Minkowski space Clifford algebra is generated by the well known γα

γaγb + γbγa = −2ηab, and Da = ∇a + ie
h̄cBa − 1

2f
b
ba,

the Ba being the components of the vector potential of the electromagnetic
field. Taking into account the structure constants (4.9) [∇a,∇b] = fc

ab∇c, we
have

[Da, Db] = fc
abDc + ie

h̄cGab,
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where

Gab = ∇a∇b −∇bBa − fc
abBc

are the components of the strength tensor of the electromagnetic field in the
basis ∇a. The Jacobi identity [Da[Db, Dc]] + [Db[Dc, Da]] + [Dc[Da, Db]] = 0
results in the first four Maxwell equations

∇aGbc +∇bGca +∇cGab + fd
abGcd + fd

bcGad + fd
caGbd = 0. (4.14)

To establish the other four Maxwell equations we use

G̃ab = 1
2e

abcdGcd.

Then eq. (4.14) can be written in the following equivalent form

∇aG̃
ab + faG̃

ab +
1
2
f b

adG̃
ad = 0, (4.15)

from which follows the second group of Maxwell equations

∇aG
ab + faG

ab +
1
2
f b

adG
ad =

4πa
c
jb, (4.16)

where the jb are components of the current vector. In three-dimensional vector
form the Maxwell equations are written

ja = (cρ,~j), Aa = (φ,− ~A), Ei = F0i, Hi = 1
2eijkF

jk, i, j, k = 1, 2, 3.

And from (4.14)- (4.16) we obtain the standard formulae

~E = −∇0
~A−∇φ, ~H = rot ~A = ∇× ~A− 2 ~A. (4.17)

Now consider the Coulomb law in equations (4.14)-(4.16). In Euclidean
space the Coulomb potential can be derived as a solution of the equations
of electrostatics, invariant under the Galilean group of motions including ro-
tations and translations. We then look for the Coulomb-like potential for the
equations (4.14)-(4.16). From (4.14)-(4.16) it follows that for a constant electric
field ~E = −∇φ and, consequently, φ obeys the equation

∆φ = −4πa2ρ.

The invariant of the group of rotations O(4) on a three-dimensional sphere of
radius a is either the arc length or the angle between radius-vectors x and Y
(here considered as corresponding to two S3 tops),
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X = (x1, x2, x3, x4), Y = (y1, y2, y3, y4), cosθ =
1
a2

(x1y1+x2y2+x3y3+x4y4).

Since

Mij cosθ = (xi ∂

∂xj
− xj ∂

∂xi
)cosθ =

1
a2

(xiyj − xjyi),

setting in (4.18) ρ = 0, φ = φ(z), where z = cosθ, we obtain the equation for
φ(z) [21]

(1− z2)
d2φ

dz2
− 3z

dφ

dz
= 0.

The general solution to this equation is of the form

φ(z) = c1
z√

1− z2
+ c2 = c1 cot θ + c2,

where cl and c2 are arbitrary constants.
Introduce the frame of reference with respect to which one of the charged
tops is at rest and has the coordinates (0, 0, 0,−R). In this system consider
a stereographic projection of the three-dimensional sphere (4.10) from point
(0, 0, 0, R) onto the hyperplane x4 = 0 with Cartesian coordinates x, y, z. We
have

x1 = x 2R2

r2+R2 , x2 = y 2R2

r2+R2 x3 = z 2R2

r2+R2 , x4 = R r2−R2

r2+R2 ,

where r2 = x2 + y2 + z2. It may be verified that in the coordinates x, y, z

cot θ =
R

2r
− r

2R
(4.19)

and, consequently, the Coulomb potential on the S3 can be written in the
following form

φ(r) = e(
1
r
− r

R2
− 1
R

). (4.20)

We complete this section with an important remark+, that the potential
(4.20) coincides with the known Cornell (potential, which has been defined
empirically and successfully applied to the description of the mass spectrum
of the charmonium [25].
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5. Equations in Spherical Coordinates

Let us rewrite equation (4.11) in spherical coordinates. We are looking for
spinorial wave functions of the following form

Φjm(r, θ, ψ) =
(
φ+(r)Y +

jm(θ, ψ) + iφ−(r)Y −jm(θ, ψ)
Ψ+(r)Y +

jm(θ, ψ) + iΨ−(r)Y −jm(θ, ψ)

)
(5.1)

Inserting (5.1) into (4.11) and using
(~σ ~N)

R = h̄
i [(1 + r2

R2 ) d
dr + (1+k)

r ] (~σ~r)
r ,

(~σ ~M)Y ±jm = h̄(J2 − L2 − 3
4 )Y ±jm = −h̄(1 + k)Y ±jm,

Y ±jm = (~σ~r)
r Y ±jm,

k =
{
−(`+ 1), j = `+ 1/2

+`, j = `− 1/2,

we get

(E −mc)φ+ = (`+1)
R Ψ+ + [(1 + r2

R2 ) d
dr −

`−1
r ]Ψ−,

(E +mc)Ψ− = − (`−1)
R φ− − [(1 + r2

R2 ) d
dr + `+1

r ]φ+,

(E −mc)φ− = − (`−1)
R Ψ− − [(1 + r2

R2 ) d
dr + `+1

r ]Ψ+,

(E +mc)Ψ+ =
(`+ 1)
R

φ+ + [(1 +
r2

R2
)
d

dr
− `− 1

r
]φ−, (5.2)

It is more convenient to use the trigonometrical coordinates defined by

tanx = r
R , sinx = (r/R)

√
1 + r2/R2.

In this notations eq. (5.2) becomes

E− sinxφ+ = (`+ 1) sinxΨ+ + (sinx d
dx − (`− 1) cosx)Ψ−,

E+ sinxΨ− = −(`− 1) sinxφ− − (sinx
d

dx
+ (`+ 1) cosx)φ+, (5.3)

E− sinxφ− = −(`− 1) sinxΨ− − (sinx d
dx + (`+ 1) cosx)Ψ+,

E+ sinxΨ+ = (`+ 1) sinxφ+ + (sinx d
dx − (`− 1) cosx)φ−,

E± = E ±mc.
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The solutions we are looking for have the form

φ+ =
∑

k ak sink x, Ψ+ =
∑

k bk sink x,

φ− =
∑

k gk cosx sink−1 x, Ψ− =
∑

k ck cosx sink−1 x.

Substituting these series into eq.(5.3) and equating the expressions with sink

and cosk we obtain a system of algebraic equations for the coefficients a, b, g, c:
E−ak−1 = (`+ 1)bk−1 + (k − `+ 1)ck+1 − (k − `)ck−1,

E+bk−1 = (`+ 1)ak−1 + (k − `+ 1)gk+1 − (k − `)gk−1,

E−gk = −(`− 1)ck − (k + `+ 1)bk,

E+ck = −(`− 1)gk − (k + `+ 1)ak. (5.4)

Presenting this system in matrix form

(k + `)(k − `+ 1)
(
gk+1

ck+1

)
= (Â)

(
ck−1

gk−1

)
,

where the matrix (Â)

(Â) =
(
E−E+ + 1− k2 −2E−

−2E+ E−E+ + 1− k2

)
.

To obtain the regular solutions we equal the determinant of this matrix to zero:

Det(Â) = Det

(
E−E+ + 1− k2 −2E−

−2E+ E−E+ + 1− k2

)
= 0.

The energy spectrum coincides with (4.14)

E2

c2 = m2c2 + (n+ 1)2/R2.

Introduce now the Coulomb potential . For that purpose it is enough to
substitute E± sinx + α

R cosx for E± sinx , where α = e2/(h̄ · c). In that case
we look for solutions of the form

φ+ = exp(−Dx)
∑

k[aksin
k+sx+Ak cosxsink−1+sx],

Ψ+ = exp(−Dx)
∑

k[bksink+sx+Bk cosxsink−1+sx],

φ− = exp(−Dx)
∑

k[gk cosxsink−1+sx+Gksin
k+sx],

Ψ− = exp(−Dx)
∑

k[ck cosxsink−1+sx+ Eksin
k+sx]
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Inserting these functions and equate the expressions in sink and cosk to get
for the coefficients the system of equations

E−ak −
α

R2
Ak =

`+ 1
R

bk −
k + s− `

R
ck −

D

R
Ek−

− α

R2
Ak+2 +

k + s+ `+ 1
R

ck+2,

E+bk −
α

R2
Bk =

`+ 1
R

ak −
k + s− `

R
gk −

D

R
Gk−

− α

R2
Bk+2 +

k + s+ `+ 1
R

gk+2,

E−

R
Gk −

α

R
gk = −`− 1

R2
Ek +

k + s+ `

R2
Bk +Dbk−

− a

R
gk+2 −

k + s− `− 1
R2

Bk+2,

E+

R
Ek −

α

R
ck = −`− 1

R2
Gk +

k + s+ `

R2
Ak +Dak−

−α
R
ck+2 −

k + s− `− 1
R2

Ak+2,

E−gk +
α

R2
Gk = −`− 1

R
ck −

k + s+ `+ 1
R

bk +
D

R
Bk,

E+ck +
α

R2
Ek = −`− 1

R
gk −

k + s+ `+ 1
R

ak +
D

R
Ak,

E−

R
Ak +

α

R
ak =

`+ 1
R2

Bk +
k + s− `+ 1

R2
Ek −D ck,

E+

R
Bk +

α

R
bk =

`+ 1
R2

Ak +
k + s− `+ 1

R2
Gk −Dgk.

For the regular solutions the determinant of the system above must be zero

E−ak −
α

R2
Ak −

`+ 1
R

bk +
k + s− `

R
ck +

D

R
Ek = 0,
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E+bk −
α

R2
Bk −

`+ 1
R

ak +
k + s− `

R
gk +

D

R
Gk = 0,

E−

R
Gk −

α

R
gk +

`− 1
R2

Ek −
k + s+ `

R2
Bk −Dbk = 0,

E+

R
Ek −

α

R
ck +

`− 1
R2

Gk −
k + s+ `

R2
Ak −Dak = 0,

E−gk +
α

R2
Gk +

`− 1
R

ck +
k + s+ `+ 1

R
bk −

D

R
Bk = 0,

E+ck +
α

R2
Ek +

`− 1
R

gk +
k + s+ `+ 1

R
ak −

D

R
Ak = 0,

E−

R
Ak +

α

R
ak −

`+ 1
R2

Bk −
k + s− `+ 1

R2
Ek +D ck = 0,

E+

R
Bk +

α

R
bk −

`+ 1
R2

Ak −
k + s− `+ 1

R2
Gk +Dgk = 0.
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